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Abstract

We consider variational discretization of three different optimal control problems.

The first being a parabolic optimal control problem governed by space-time measure controls. This problem
has a nice sparsity structure, which motivates our aim to achieve maximal sparsity on the discrete level. Due to the
measures on the right hand side of the partial differential equation, we consider a very weak solution theory for the
state equation and need an embedding into the continuous functions for the pairings to make sense. Furthermore,
we employ Fenchel duality to formulate the predual problem and give results on solution theory of both the predual
and the primal problem. Later on, the duality is also helpful for the derivation of algorithms, since the predual
problem can be differentiated twice so that we can apply a semismooth Newton method. We then retrieve the
optimal control by duality relations.

For the state discretization we use a Petrov-Galerkin method employing piecewise constant states and piecewise
linear and continuous test functions in time. For the space discretization we choose piecewise linear and continuous
functions. As a result the controls are composed of Dirac measures in space-time, centered at points on the discrete
space-time grid. We prove that the optimal discrete states and controls converge strongly in L? and weakly-+ in M,
respectively, to their smooth counterparts, where ¢ € (1, min{2, 1 + 2/d}] is the spatial dimension. The variational
discrete version of the state equation with the above choice of spaces yields a Crank-Nicolson time stepping scheme
with half a Rannacher smoothing step.

Furthermore, we compare our approach to a full discretization of the corresponding control problem, precisely
a discontinuous Galerkin method for the state discretization, where the discrete controls are piecewise constant in
time and Dirac measures in space. Numerical experiments highlight the sparsity features of our discrete approach

and verify the convergence results.

The second problem we analyze is a parabolic optimal control problem governed by bounded initial measure
controls. Here, the cost functional consists of a tracking term corresponding to the observation of the state at final
time. Instead of a regularization term for the control in the cost functional, we consider a bound on the measure
norm of the initial control. As in the first problem we observe a sparsity structure, but here the control resides only
in space at initial time, so we focus on the space discretization to achieve maximal sparsity of the control. Again,
due to the initial measure in the partial differential equation, we rely on a very weak solution theory of the state
equation.

We employ a dG(0) approximation of the state equation, i.e. we choose piecewise linear and continuous
functions in space, which are piecewise constant in time for our ansatz and test space. Then, the variational
discretization of the problem together with the optimality conditions induce maximal discrete sparsity of the initial
control, i.e. Dirac measures in space. We present numerical experiments to illustrate our approach and investigate

the sparsity structure

As third problem we choose an elliptic optimal control governed by functions of bounded variation (BV) in
one space dimension. The cost functional consists of a tracking term for the state and a BV-seminorm in terms of
the derivative of the control. We derive a sparsity structure for the derivative of the BV control. Additionally, we
utilize the mixed formulation for the state equation.

A variational discretization approach with piecewise constant discretization of the state and piecewise linear
and continuous discretization of the adjoint state yields that the derivative of the control is a sum of Dirac measures.
Consequently the control is a piecewise constant function. Under a structural assumption we even get that the
number of jumps of the control is finite. We prove error estimates for the variational discretization approach in
combination with the mixed formulation of the state equation and confirm our findings in numerical experiments

that display the convergence rate.

In summary we confirm the use of variational discretization for optimal control problems with measures that

inherit a sparsity. We are able to preserve the sparsity on the discrete level without discretizing the control variable.
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Zusammenfassung

Wir betrachten variationelle Diskretisierung angewandt auf drei verschiedene Optimalsteuerungsprobleme.

Das erste Problem ist ein parabolisches Optimalsteuerungsproblem gesteuert durch Raum-Zeit Maf3kontrollen.
Dieses Problem hat eine Diinnbesetztheitseigenschaft, die unser Ziel motiviert, maximale Diinnbesetztheit auf der
diskreten Ebene zu erhalten. Da auf der rechten Seite der partiellen Differentialgleichung Malle auftauchen, be-
trachten wir eine sehr schwache Losungstheorie fiir die Zustandsgleichung und benétigen eine Einbettung in die
stetigen Funktionen, damit die Paarungen sinnvoll sind. Des Weiteren nutzen wir Fenchel Dualitéit, um das praduale
Problem zu formulieren und Resultate zur Losungstheorie des pridualen und des primalen Problems anzugeben.
Spiter ist die Dualitit auch hilfreich um Algorithmen herzuleiten, da das priaduale Problem zweimal differenzierbar
ist, wodurch die semiglatte Newton Methode angewendet werden kann. Wir erhalten die optimale Kontrolle dann
durch die Dualitéts-Relationen. Fiir die Diskretisierung des Zustands nutzen wir eine Petrov-Galerkin Methode
mit stiickweise konstanten Zustéinden und stiickweise linearen und stetigen Testfunktionen in der Zeit. Fiir die
rdumliche Diskretisierung wihlen wir stiickweise lineare und stetige Funktionen. Daraus resultierend bestehen die
Kontrollen aus Diracmafen in der Raum-Zeit, welche in den Gitterpunkten des diskreten Raum-Zeit Gitters zen-
triert sind. Wir beweisen, dass die optimalen diskreten Zustdnde und Kontrollen jeweils stark in L? und schwach-*
in M zu ihren stetigen Gegenstiicken konvergieren, wobei ¢ € (1, min{2, 1 + 2/d}] die rdumliche Dimension ist.
Die variationell diskrete Version der Zustandsgleichung mit der obigen Wahl der Rdume ergibt ein Crank-Nicolson
Zeitschrittschema mit einem halben Rannacher Glattungsschritt. Auferdem vergleichen wir unseren Ansatz mit
einer vollen Diskretisierung des entsprechenden Kontrollproblems, genauer einer diskontinuierlichen Galerkin
Methode fiir die Diskretisierung des Zustands, bei der die diskreten Kontrollen stiickweise konstant in der Zeit
und Diracmalle im Raum sind. Numerische Experimente verdeutlichen die Diinnbesetztheitseigenschaften unseres
diskreten Ansatzes und verifizieren die Konvergenzresultate.

Das zweite Problem, welches wir analysieren, ist ein parabolisches Optimalsteuerungsproblem gesteuert durch
beschriinkte Anfangswert-MaBkontrollen. Hier besteht das Kostenfunktional aus einem Term zur Uberwachung
des Zustands zum finalen Zeitpunkt. Anstelle eines Regularisierungsterms fiir die Kontrolle im Kostenfunktional
betrachten wir eine Beschriankung der Mafinorm der Anfangswertkontrolle. Wie im ersten Problem beobachten wir
eine Diinnbesetztheitseigenschaft, doch hier existiert die Kontrolle nur im Raum zur Anfangszeit, sodass wir uns
auf die Diskretisierung des Raumes fokussieren, um maximale Diinnbesetztheit der Kontrolle zu erreichen. Wieder
betrachten wir eine sehr schwache Losungstheorie der Zustandsgleichung wegen des Maf3es als Anfangswert in der
partiellen Differentialgleichung. Wir nutzen eine dG(0) Approximation der Zustandsgleichung, d.h. wir wihlen
stiickweise lineare und stetige Funktion im Raum, die stiickweise konstant in der Zeit sind fiir unsere Ansatz- und
Testfunktionen. Die variationalle Diskretisierung des Problems zusammen mit den Optimalitidtsbedingungen in-
duziert maximale diskrete Diinnbesetztheit der Anfangswertkontrollen, d.h. Diracmalie im Raum. Wir présentieren
numerische Experimente um unseren Ansatz zu illustrieren und die Diinnbesetztheitsstruktur zu untersuchen.

Als drittes Problem wihlen wir ein elliptisches Optimalsteuerungsproblem gesteuert durch Funktionen mit
beschriinkter Variation (BV) in einer Raumdimension. Das Kostenfunktional besteht aus einem Zustands-Uberwa-
chungsterm und einer BV-Seminorm fiir die Ableitung der Kontrolle. Wir leiten eine Diinnbesetztheitsstruktur fiir
die Ableitung der BV Kontrolle her. Zusitzlich nutzen wir die gemischte Formulierung der Zustandsgleichung. Ein
variationeller Diskretisierungsansatz mit stiickweise konstanter Diskretisierung des Zustands und stiickweise lin-
earer und stetiger Diskretisierung des adjungierten Zustands liefert, dass die Ableitung der Kontrolle eine Summe
von Diracmalflen ist. Infolgedessen ist die Kontrolle eine stiickweise konstante Funktion. Unter strukturellen An-
nahmen erhalten wir sogar, dass die Anzahl der Spriinge der Kontrolle endlich ist. Wir beweisen Fehlerschitzer
fiir die variationelle Diskretisierung in Kombination mit der gemischten Formulierung der Zustandsgleichung und
bestitigen unsere Erkenntnisse in numerischen Experimenten, die die Konvergenzrate zeigen.

Zusammenfassend verifizieren wir den Nutzen der variationellen Diskretisierung fiir Optimalsteuerungsprob-
leme mit MaBlen, welche eine Diinnbesetztheitseigenschaft aufweisen. Wir sind in der Lage die Diinnbesetztheit
auf der diskreten Ebene zu erhalten, ohne die Kontrollvariable zu diskretisieren.

il
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Publications

Some of the results of this thesis have already been published or submitted.

e Section[3]is an extended version of

E. Herberg, M. Hinze, and H. Schumacher. "Maximal discrete sparsity in parabolic optimal control
with measures". In: Mathematical Control and Related Fields 10.4 (Dec. 2020), pp. 735-759.

Some of the results in the article are based on the authors master thesis with the title "Varia-
tional discretization of parabolic control problemsin space-time measure spaces". We hereafter clarify
the improvements made in as enhancement of [45]):

Throughout the whole work the definition of the control space was corrected, so that the solvability of
the state equation can be guaranteed. More details on said solvability of the state equation are added
in Section 2.1.]. Furthermore, the Fenchel duality was only discussed for the discretized problems
in [43]], while in section 2.2.] this has been generalized to the continuous setting and then applied
to discretized problems. Also, in Section 2.2.] a linear operator that embeds into the space of
continuous functions has been introduced, to make sense of the dual pairing with the controls living in
a measure space. This operator - in the respective discrete setting - has also been added in Section
3, Section 4]. Lastly, the computational results of have been completely redone, new examples

were examined and a convergence analysis added in Section 5].
o Sectionld/is an extended version of

[46]) E. Herberg and M. Hinze. "Variational discretization approach applied to an optimal control
problem with bounded measure controls", arXiv preprint arXiv:2003.14380 (2020), which has been

accepted for publication in the Radon book series.

These collaborations are an essential part of the research that led to this thesis.
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Chapter 1

Introduction

In this chapter we will motivate our work, describe its structure, give an overview of the related literature to put it

into context and explain its novelty.

1.1 Motivation

Applications like source identification and actuator placement motivate the study of sparse control problems. In
those applications it is of interest to identify the precise location in space and (if applicable) the exact time instance
of the controls support, which gives rise to the idea that the control is sparse and might be supported in one or
multiple space(-time) points. There exist several ways to formulate such sparse control problems. The two main
approaches to achieve a sparsity structure are to either introduce a L'-norm regularization in the target functional
or to consider measure-valued controls. We will investigate two different cases of the latter approach. Additionally,
we consider a case where the control is a function of bounded variation (BV). This last case is strongly related to
measure-valued controls. We specify the setup of the cases further in Section[I.2]

We discretize each of the chosen sparse optimal control problems. In order to retain the sparsity structure of
the continuous problem on the discrete level, we choose a sparse discretization, i.e. we propose a discrete concept
which delivers discrete controls with a maximal sparsity structure. This is achieved by the use of variational
discretization from [49)]]. The key feature of variational discretization is to not discretize the control space. Instead,
via the discretization of the test space and the optimality conditions, an implicit discretization of the control is
achieved. This is how we can control the discrete structure of the controls through the choice of Petrov-Galerkin
ansatz and test spaces in the discretization of the state equation. It is in fact the relation between the optimal
adjoint state and the control that shows that the discrete structure of the test space affects the structure of the
optimal controls. For problems with sparsity structure and measure control we aim at choosing the ansatz and test
spaces in such a way that the induced structure of the controls is a sum of measures - without explicitly discretizing
the control space. Similarly, in the case of BV controls we will choose the ansatz and test spaces, such that the
first derivative of the control is a sum of measures and therefore the control is piecewise constant - again without

discretizing the control.

1.2 Structure

We organize this thesis as follows: After introducing some useful basic concepts in Chapter [2) we move on to the
main part of the work, which consists of Chapter [3| Chapter 4, and Chapter [3 - each of them dealing with one

specific sparse optimal control problem, i.e.

e Chapter[3} a parabolic optimal control problem with a total variation norm of the space-time measure control

in the target functional,
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o Chapter[4} a parabolic optimal control problem with a bound on the total variation norm of the initial measure

control,
e Chapter[5} an elliptic optimal control problem with a BV-seminorm of the BV control in the target functional.
Every one of these chapters has the same basic structure:
o First the problem formulation is introduced,
o then the continuous optimality system is analyzed,
e afterwards the variational discretization of the problem is established, and
o finally computational results are presented.

In Chapter [3|we additionally discuss the discontinuous Galerkin discretization of the given optimal control problem

in comparison to the variational discretization approach. Lastly, we summarize the work in Chapter|[6]

1.3 Literature overview and novelty of this work

The idea of studying optimal control with a sparsity structure has first been addressed in , where an L' (Q) con-
trol for linear elliptic equations was investigated. Motivating examples for the analysis of sparse control problems
are for example given in [34]] and [57]], where the goals are finding the pollution source in a river and determining
a heat source, respectively. Further approaches with an L'-norm regularization in the target functional have been
taken in M48]|. Spatio-temporally sparse optimal control problems of semilinear parabolic equations
have been studied in [I5]], where the following three different sparsity promoting terms have been considered in
the objective functional: L'(Q x I), L>(I; L'(Q)) or L' (Q; L*(I)). Error estimates of fully discrete finite element
approximations for the choice L'(Q; L*(I)) have been proven in and improved in . Another work in this
direction is [48]], where the directional sparsity control for parabolic equation is considered. Here, the controls are
sparse in space but not necessarily in time and the sparsity pattern does not change over time.

Another way to achieve a sparsity structure is to consider measure controls. Control of elliptic partial differen-
tial equations with measures has been studied in 291301 [62]], while control of parabolic partial differential
equations with measures is content of [71]..

For the elliptic case we find a more general approach, where the control can be a measure or a function of
bounded variation, in [29]]. The optimal control problem with measure cost is treated with a duality approach and
numerical results are presented. A similar problem, where the control u resides in M(£2) and a control cost is part of
the target functional, is presented in [[I3]]. Here, error estimates are proven and computational results are displayed.
These a priori error estimates are then improved in [62]]. Furthermore, the case with a semilinear elliptic partial
differential equation governing an optimal control problem with measure control is discussed in [19]]. Also, in [30]
a similar optimal control problem but without control cost is analyzed, Fenchel duality is applied and numerical
results are shown.

In the parabolic case there are a few different possible choices for the control space. An optimal control problem
with separate measure data in time and space, control in M(Q7) and control cost in the L>-norm is considered in
. Based on these results, in pointwise control in LZ(O, T; R™) is considered and the problem is variationally
discretized. Error estimates and numerical results are presented in both works. Another approach is taken in [14]],
where the control resides in L>(I, M()) and the control cost is taken in the respective norm. Here, convergence
rates are proven. The choice M(L., L*(I)) and control cost in the respective norm in delivers a directional
sparsity, since the spatial support is independent of time in this setting.

Optimal control of the linear second order wave equation with measure valued controls in M(Q; L>(I)) and

control cost term is considered in [55]]. In [[71]] measure-valued optimal control problems for 1D wave equation

2



1.3. LITERATURE OVERVIEW AND NOVELTY OF THIS WORK 3

with control space of either measure-valued functions Lfv* (I; M(€)) or vector measures M(Q, L>(I)) are treated,
error estimates for the optimal state variable and the error measured in the cost functional are derived.

Further, in [20} 21} 25| [56] initial controls are examined. In [25]] the parabolic optimal control problem with
initial control in M(£) is understood as an inverse source identification problem. The desired state only needs to
be attained in an approximate sense and the target functional contains solely the control cost in its measure norm.
A convergence result is presented. Then, in initial control is combined with space-time measures as forcing
functions, so that we have the set of controls (u, uy) € M(Q.) X M(2) and consequently two control cost terms.

In initial control in M(£) is considered with a cost functional consisting of a final time tracking term
and control cost. Error estimates and numerical results for a full discretization are presented. In contrast, no
control cost is considered in [21]], but a bound on the total variation of the measure control is enforced. The target
functional consists of a final time tracking term.

The cases we study in Chapter[3|and Chapter 4] are positioned in the category of parabolic optimal control with
measures. The novelty of our work in both cases being the application of the variational discretization to a given
optimal control problem.

In Chapter 3| the variational discrete approach is applied to a parabolic optimal control problem governed by
space-time measure controls from [20]]. Of particular interest for solving our optimal control problem in Chapter 3|
are the techniques proposed in [29]], where Fenchel duality is used to set up a predual problem for the elliptic case
- we adapt this to the parabolic case. In this context we also consulted the lecture notes by Christian Clason [27],
where Fenchel duality is discussed in detail. Furthermore, the time discrete scheme in a variational discrete setting
for parabolic optimal control has been analyzed in [39]. We choose a Petrov-Galerkin method employing
piecewise constant states and piecewise linear and continuous test functions in time for the time discretization
of the state equation. This induces an optimal control, that by construction of the state discretization and the
variational discretization concept, is the sum of Dirac measures.

In Chapter 4] the initial optimal control problem that has been discussed in is variationally discretized.
Here, the control set is constrained, instead of incorporating a penalty term for the control in the target functional,
which then only consists of a final time tracking term in the state variable. By chosing piecewise linear functions
as ansatz and test space in the discretization of the state equation we see that the optimal control, which is not
discretized, has the induced structure of being a sum of Dirac measures in space as in the previous problem.

Closely related to optimal control with measures is optimal control governed by BV functions, since the dis-
tributional derivative of a BV function resides in a measure space. Before optimal control with BV functions was
first discussed, there already existed articles on optimization with BV functions. An early result in optimization
with BV functions and regularization by BV-seminorms is [22]]. This work was motivated by the application of
denoising blocky images with very high noise. Error estimates and numerical analysis for inverse problems in-
volving BV functions can be found in [[6] [7]. An inverse problem with BV control and total variation seminorm
goverened by an elliptic partial differential equation is applied to Quantitative Susceptibility Mapping in [9]] with
high quality results. There exist studies of elliptic optimal control with total variation regularization and control in
L2(Q), see I@ @]] Controls from the space BV(Q) N L™ (L) are considered in [@] as weights in the weighted
p-Laplace problem with box-type constraints.

Optimal control governed by a semilinear parabolic equation and control cost in a total bounded variation
seminorm is discussed in [I7]], a convergence result is shown and numerical experiments are presented. A similar
problem is analyzed in [[I8]l, but with semilinear elliptic equation. In [51]] the BV source in an elliptic system is
supposed to be recovered. To this end, total variation regularization is employed. For 1D elliptic optimal control
problems with BV control error estimates and numerical results for two discretization techniques are presented in
[43]]. The techniques being variational discretization and piecewise constant control discretization.

In Chapter [5| we also discuss 1D elliptic optimal control governed by BV functions. Here, we consider the
mixed formulation of the elliptic partial differential equation and regard the variational discrete formulation of the

resulting problem. We prove error estimates and provide computational experiments to confirm our findings.




CHAPTER 1. INTRODUCTION




Chapter 2

Mathematical background

This chapter gives a brief overview of established concepts and results that will be useful throughout this thesis.
It consists of excerpts of functional analysis and optimization taken from [4} 52} [53] [66} [72} [73]], but neither topic
will be completely covered. Furthermore, the notation from given references will be adapted to the notation within
the thesis to guarantee comprehensibility. We remark that there exist several other references for the presented

concepts and results.

2.1 Functional analysis

The goal of this section is to generate a common understanding of the spaces, which will be used throughout the

thesis. We begin with the definition of Banach and Hilbert spaces.

Definition 2.1. (Norm, Banach space, Definition 1.1.])

Let X be a real vector space.

i) A mapping||-|lxt X — [0, o) is a norm on X, if
I) lullx=02u=0,
2) lAullx = |Alllully Yu € X, A €[R]

3) llu+vllx <llullx +IVllx  Yu,veX.

ii) A normed real vector space X is called (real) Banach space if it is complete, i.e., if any Cauchy se-
quence (u,), has a limit u € X, more precisely, if limy, ,—o0 |l — tyllx = O then there exists u € X with

limnaoo ”un - u”X =0.
A special Banach space, we will be interested in, is the following:

Definition 2.2. (Space of continuous functions, Example 1.1.])
For|Q c[R"| consider the function space

={u:Q — R : ucontinuous} .

If Q is bounded then C@) is a Banach space with the sup-norm

llellc) = sup lu(x)].
xeQ

Later on, we will look at subspaces of the space of continuous functions with certain properties and identify

measure spaces in a duality sense with one of these subspaces.
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Definition 2.3. (Inner product, Hilbert space, Definition 1.2.]) Let H be a real vector space.
A mapping|(-,)ut H X H — R is an inner product on H, if

D) u,Vg=0,uwy YuveH,
ii) for everyv € H the mapping u € H — (u,v)y is linear,
iii) M, u)y 20 VYue Hand (u,u)y =0 & u=0.

A vector space H with inner product (-, -)g and associated norm

lullg = (u, Wy

is called Pre-Hilbert space.
A Pre-Hilbert space (H, (-, )y) is called Hilbert space if it is complete under its norm || - ||y.

Definition 2.4. (space of linear operators, operator norm, Definition 1.4.ii)])
Let X, Y be normed real vector spaces with norms ||-||x, ||-|ly. By|L(X, Y)|we denote the space of all linear operators
A : X — Y that are bounded in the sense that

lAllx,y == sup [|Aully < oo.
[lullx=1

L(X,Y) is a normed space with the operator norm

Theorem 2.5. ([52] Theorem 1.2.])
If Y is a Banach space then L(X,Y) is a Banach space.

We extend the concept of differentiability to operators between Banach spaces.

Definition 2.6. (directionally / Gateaux / Fréchet differentiable, Definition 1.29])
Let F : U C X — Y be an operator with Banach spaces X, Y and open U #

i) Fis called directionally differentiable at x € U if the limit

F th) — F
dF (x; h)| = lim FEH ) - F&)
N0 t

exists for all h € X. In this case, dF(x; h) is called directional derivative of F in the direction h.

ii) F is called Gateaux differentiable at x € U if F is directionally differentiable at x and the directional
derivative
F(x): X->Y, h dF(x;h)

is bounded and linear, i.e. F'(x) € L(X,Y).

iii) F is called Fréchet differentiable at x € U if F is Gdteaux differentiable at x and if the following approxi-

mation condition holds:

IF(x+h) = F(x) = F'hlly = o(llkllx) — forlillx — 0.

iv) If F is directionally / Gateaux / Fréchet differentiable at every x € V,V C U open, then F is called direction-
ally / Gateaux / Fréchet differentiable on V.
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A very important concept we will be using is duality.

Definition 2.7. (dual space, dual pairing, Definition 1.5.])
The space = L(X,R) of linear functionals on X is called dual space of X and is a Banach space with the

operator norm

lullxe = sup " ().
lallx=1

We use the notation

u’, Wy x = u*(u),

and call the dual pairing of X* and X.

Definition 2.8. (pre-dual space)
In the given setting we call X the pre-dual space of X*.

We give the following result for Hilbert spaces here. The application to the space of continuous functions will be

discussed later.

Theorem 2.9. (Riesz representation theorem, Theorem 1.4.])
The dual space H* of a Hilbert space H is isometric to H itself. More precisely, for every v € H the linear
functional u* defined by

W uyy- g =,y YueH
is in H* with norm ||u*||g+ = ||Vllg. Vice versa, for any u* € H* there exists a unique v € H such that
y q
W Wy g =W,w)p YueH,

and ||u*||g+ = |IVlla-
We move on to defining the following spaces with their respective norms:

Definition 2.10. (L?(9), Definition 1.11.])
Let Q c R" be Lebesgue-measurable. We define for p € [1, 00) the seminorm

»

llullzrey = (fR IM(X)I”) ;

and
llellz=y := ess sup,eq [u(x)l.

Now, for 1 < p < oo we define the spaces

LP(Q):={u: Q — R Lebesgue measurable : ||ullrr@) < oof.

These are not normed spaces since there exist measurable functions u : Q — R, u # 0, with |lull.r@) = 0.

We use the equivalence relation

u~vel’(Q) o |Jlu-Vipe=0 & u=v ae
to define LP(Q) = LP(Q)/ ~ as the space of equivalence classes of a.e. identical functions, equipped with the norm
Il llzr@)-

Finally we define

Lf;c(.Q) ={u: Q — R Lebesgue measurable : u € LP(K) for all K C Q compact}

and set =L )~
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Theorem 2.11. (Fischer-Riesz theorem, Theorem 1.6.])
The spaces LP(Q), p € [1, o], are Banach spaces. The space L*(Q) is a Hilbert space with inner product

U, V)20 = fuv dx.
Q

Definition 2.12. (reflexive, Definition 1.17.])
A Banach space X is called reflexive if the mapping x € X — (-, X)x-x € (X*)* is surjective, i.e., if for any
X € (X*)* there exists x € X with

<X**,x*>(x*)*’x* = <x*,x>x*’x Vx* e X*.

Remark 2.13. (/52| Remark 1.8.])
L? is reflexive for 1 < p < oo, since we have the isometric isomorphisms (LP)* = Lq,ll) + ‘l, = 1, and thus

((LP)*)* = (LY)* = LP. Moreover, any Hilbert space is reflexive by the Riesz representation theorem.
In this thesis we are working with measures, which are defined as follows:

Definition 2.14. Section 4.2.1.])

Let Q c R” open and its Borel field. We denote the set of all real-valued Borel measures by M(Q). It is
the vectorial space of all the set functions pu : B(Q) — R satisfying u(@) = 0 and o-additivity. The subset of
nonnegative elements is denoted by M* ().

The total variation of a measure u € M(Q) is the real-valued set function |u|, defined for all Borel sets B of Q2 by

ww:w%ZmeU&z%,
i=0 i=0

where the supremum is taken over all the partitions of B in 8(£) (compare [E], p- 125]). It holds |u| € M*(Q).

We now define the following two subsets of continuous functions with additional properties.

Definition 2.15. (C.(Q)| /66, 2.9 Definition])

The collection of all continuous functions on Q C R" whose support is compact is denoted by C.(£).

Definition 2.16. (Co(Q)| [66] 3.16 Definition])

A complex function f on a locally compact Hausdorff space Q is said to vanish at infinity if to every € > Q there
exists a compact set K C Q, such that |f(x)| < € for all x not in K.

The class of all continuous f on Q which vanish at infinity is called Cy(£2).

It is clear that C.(Q) C Co(Q), and that the two classes coincide if Q is compact. In that case we write C(Q) for
either of them.

Now we give the Riesz representation theorem - which we saw for Hilbert spaces earlier - in the context of spaces

of continuous functions.

Theorem 2.17. (Riesz representation theorem, (66| 6.19 Theorem])
If Q is a locally compact Hausdorff space, then every bounded linear functional ¢ on Cy(£2) is represented by a

unique regular complex Borel measure u, in the sense that

Mﬁ=LfW

for every f € Co(Q).
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So, by Riesz representation theorem, we may identify the space M(£2) with the dual space of Cy(£2) and moreover,

the total variation norm for measures coincide with the dual norm:

lleellpmee) =  sup ffdu-
Q

Iflleg=1
We stress that Cy(£2) is not reflexive.

We define the following boundary condition, which will provide regularity needed for solvability of state

equations in the work.

Definition 2.18. (C*#-boundary, Lipschitz-boundary Definition 1.13.])
Let Q c R" be open and bounded. We say that Q has a C**-boundary, k € U {oo},0<B < 1, ifforany x €

there exists r > 0,k € {1,...,n},0 € {—1,+1}, and a function y € such that
Qm: {y € B('x;r) : O-)’k < '}’(YIw--,yk—l:yk+l,~~-’)’n)}7

where B(x;r) denotes the open ball around x with radius r. Instead of C*'-boundary we say also Lipschitz-

boundary
Next, we introduce subspaces |W*?(Q)|of L”(£). To this end we introduce the concept of weak derivatives.

Definition 2.19. (weak partial derivative, Section 5.2.1.])
(Q), and a is a multiindex. We say that v is the o'"-weak partial derivative of u, written Du = v,

f uDp dx = (-1 f v dx
Q Q

Definition 2.20. (Sobolev space, Definition 1.14.] )
Let Q C R" be open. For k € Ny, p € [1, 0], we define the Sobolev space WkP(Q) by

1
Suppose u,v € L, _

provided

Sfor all test functions ¢ € CZ(£).

W*P(Q) = {u € LP(Q) : u has weak derivatives[D¥ul € LP(Q) for all a| < k}

equipped with the norm

1

||u||Wk=”(.Q) = (Z ||Dau||p)(_())] 5 pE [1900),

la|<k

il = Y 1D ullico.

larl<k

Theorem 2.21. ([52| Theorem 1.11.])
Let Q C R" be open, k € Ny, and p € [1, 00]. Then WkP(Q) is a Banach space.
Moreover, the space := WK2(Q) is a Hilbert space with inner product

(u, V) = Z (Du, DV)2(q) -

lar|<k

Definition 2.22. Definition 8.1.1.])

For p € [1,00), by W&’p (Q) we mean the subset of W'"P(Q) consisting of all functions for each of which there is a
defining sequence vanishing on the boundary 09. For k € {2,3,...}, let

WP (2) = Wy () N WhP ().

9
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The spaces for k € {1,2,...} are equipped with the same norm as W*P(Q) and are Banach spaces. The space
HS(Q) = WS’Z(Q) is a Hilbert space.

Another type of functions we are interested in are functions of bounded variation (BV) for the special case 2 C R.

Definition 2.23. (BV(Q)l[4| Definition 10.1.1.])

We say that a function u : Q — R is a function of bounded variation if and only if
i) it belongs to L'(Q), and
i) its distributional derivative u’ belongs to M(Q).

We denote the set of all functions of bounded variation by BV (Q).

We can also write
BV(Q) = {u e L'(Q) : W llme < °°}~

The space BV (L) is equipped with the following norm (see e.g. [4] p. 372]), which extends the classical norm in
whi(Q):

llellgviey = llullLi @) + 14 | mee)-

Theorem 2.24. ([d Theorem 10.1.1.])
Equipped with its norm || - ||gv(e), BV(L) is a Banach space.

Theorem 2.25. ([El Theorem 10.1.3. and Theorem 10.1.4])
Let Q be a I-regular open bounded subset of R. The embedding

BV(Q) — LP(Q)
i) is continuous for all 1 < p < oo, and

ii) is compact forall 1 < p < co.

2.2 Optimization
Let us begin with the helpful property of convexity.

Definition 2.26. (convex set, Definition 6.1])
The set Q C R" is called convex, if for all x,y € Q and all A € [0, 1] it holds

Ax+(1-Dye.

Definition 2.27. ((strictly) convex function, Definition 6.2])
The function f : Q — R defined on a convex set Q is called

i) convex, if for all x,y € Q and all A € [0, 1] it holds

JAx+ 1=y < Af(x)+ 1= f0O).

ii) strictly convex, if for all x,y € Q, with x # y and all A € (0, 1) it holds

JAx+ A =-Dy) <Afx)+ 1= f0O).

10
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Now, we introduce a few basic concepts of finite-dimensional optimization that will be needed as tools to solve the

discretized problems. To this end, we consider the general nonlinear optimization problem
m]iRn f(x) suchthat g(x) <0, h(x) =0, 2.1
xeR”

where f: R" - R,g: R" - R",h : R" — R” are continuously differentiable functions.

Definition 2.28. (Lagrangian, Definition 16.17])
The function[Z]: R" x R" x R? — R,

Lx,A,p) = f(0) + A" g(x) + " h(x)
is called the Lagrangian of problem (2.1).

Definition 2.29. (Slater condition, p. 110])
The Slater condition is satisfied for problem (2.1)), if there exists y € R”", such that

g <0 Vi=1,....m and hiy)=0 Vj=1,...,p.
The Slater condition is a constraint qualification for every admissible point of problem (2.

Theorem 2.30. (Karush-Kuhn-Tucker conditions, Satz 16.14])
Let x € R" be a local solution to (2.1), which fulfills a constraint qualification. The Karush-Kuhn-Tucker-
conditions (KKT-conditions) hold:

There exist Lagrange-multipliers A € R™ and i € R?, such that
i) V. l(x,A,1) =0,
ii) h(x) =0,

iii) 1>0, g® <0, ATg(®»)=0 (complementarity condition).

For semismooth problems we will make use of the following concepts.

Definition 2.31. (Clarke’s generalized Jacobian, Example 2.4.])
For locally Lipschitz-continuous functions G : R" — R™, we define Clarke’s generalized Jacobian by

0 G(x)| = |conv {M sk piivy x, G'(xX) — M, G differentiable at JJ‘}

(This definition is justified since G’ exists almost everywhere on R" by Rademacher’s theorem.)

The following algorithm, a generalization of Newton’s method, converges locally towards ¥ satisfying G(¥) = 0,

where G is a locally Lipschitz-continuous function.

Algorithm 2.32: Semismooth Newton method, Algorithm 2.11.]
input: x° € X (sufficiently close to the solution ¥)
fork=0,1,...do

Choose My € 6°G(x").
Obtain s* by solving Ms* = —G(xb).
Set XM+ = ¥k + 5%,

11
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2.2.1 Optimal control

We will deal with optimization problems with partial differential equation constraints in this work, so we give a
brief introduction (see e.g. [52} 58] [65] [72]] for more details on this topic).

We consider the optimal control problem of the general form
in J(, . ,u)=0 and Uads
(y,glel)gxu ,u) s e(y,u) and ue Uy

where J : Y X U — R is the objective functional, Y and U are the state and control space respectively. y € ¥
describes the state of the considered system, which is described by e(y, ) = 0 (state equation) and will be a partial
differential equation in this work. The control # € U is supposed to be adapted in an optimal way. The set of
admissible controls is denoted by U,g.
Now, assuming that y = y(u) the unique solution to the state equation e(y,u) = 0 exists, we can formulate the
reduced problem

g{iﬁ Jw) = Jy(w), u). (2.2)

Definition 2.33. (optimal control, Section 1.4.2])
A control it € Uy is called optimal control (or global solution) to (2.2)), if it holds

J@) < Jw)  Yue Uy.

Then, 3 = y(&) is the associated optimal state.

When proving existence of solutions to the optimal control problem, the concepts of weak convergence, weak

sequential compactness and lower semi continuity are essential.

Definition 2.34. (weak convergence, Definition 1.16])
Let X be a Banach space. We say that a sequence (x;); C X converges weakly to x € X, written

‘xké‘x7

O, X x — (X, Xxex ask — o Vx* e X*.

It is easy to check that strong convergence x; — x implies weak convergence x; — x. For BV-functions we have
the following:

Definition 2.35. (weak convergence in BV(2), [4| Definition 10.1.2.])
A sequence (uy), € BV(LQ) converges weakly to some u € BV(Q), and we write u, — u, if and only if the following

convergences hold:
i) u, » ueLY(Q), and
i) u, = u' € M().

Theorem 2.36. (Weak sequential compactness, Theorem 1.17])
Let X be a reflexive Banach space. Then the following holds

i) Every bounded sequence (x;); C X contains a weakly convergent subsequence, i.e. there are (Xp)p C (Xp)k

and x € X with x — x.

ii) Every bounded, closed and convex subset C C X is weakly sequentially compact, i.e. every sequence

(x)r C C contains a weakly convergent subsequence (xp ) C (xp)r with xp — x, where x € C.

12
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Theorem 2.37. (Lower semi continuity, Theorem 1.18])
Let X be a Banach space. Then any continuous, convex functional F : X — R is weakly lower semi continuous,
ie.

xx—x = F)< lilgn inf F(x).
We also introduce an optimality condition for problem (2.2)) under the following assumptions:

Assumption 2.38.

i) Uy C U is nonempty, convex and closed.
ii) J:YXU—-> Rande: Y xU — Z are continuously Fréchet differentiable and U, Y, Z are Banach spaces.

iii) For all u € V in a neighborhood V. C U of Uy, the state equation e(y,u) = 0 has a unique solution
y=yweY.

iv) (%e(y(u), u) € L(Y,Z) has a bounded inverse for allu € V O U .

Under these assumptions the mapping u — y(u) is continuously Fréchet differentiable by the implicit function
theorem.

Theorem 2.39. ( Theorem 1.48])
Let Assumption[2.38 hold. If @ is a local solution of 2.2), then i satisfies the following optimality condition

i€ Uy, J'(@),u—-ayy-y =0 Yue Uy. (2.3)

Remark 2.40. ([52] Remark 1.19])
A condition of the form (2.3) is called variational inequality.

13
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Chapter 3

Parabolic optimal control governed by

space-time measure controls

This chapter is based on the article with the title "Maximal discrete sparsity in parabolic optimal control with
measures". Furthermore, some of the results in the article are based on the authors master thesis with the title
"Variational discretization of parabolic control problems in space-time measure spaces".

We organize the chapter as follows: We state the optimal control problem and the main convergence result in
Section 3.1} In Section [3.2] we analyze the continuous problem and its sparsity structure. We then set up the
predual problem, show that it has a unique solution and apply the Fenchel duality theorem. The predual problem is
discretized with two different strategies. The first one is by variational discretization. We discuss it in Section[3.3]
where we derive also a semismooth Newton method to solve the variational discrete problem (P,). The second
strategy is a discontinuous Galerkin discretization (see Section[3.4). The emerging fully discrete problem is
solved analogously to (P,). Computational results of both approaches are compared in Section[3.5]

3.1 Problem Formulation
We consider the continuous minimization problem from [20]]
min J(ug, u) 1II 70 + @ llull + B luoll (P)
i - J(uo,u) ==y -y a lull pcg, u 0.
o EM@XMO) q S M) oMo

where the state y € L1(Q) solves the following parabolic state equation

Oy—-Ay =u inQ=0x(0,T),
y(x,0) = ug in Q, 3.1
your =0 onZ=rIx(0,T),

with real, regular Borel measures u € M(Q.) and uy € M(Q.). Here Q c R” is an open, bounded domain with
boundary I" := 0Q of regularity to be discussed later. We fix an open, relatively compact interval I, cc I := (0,T)

and a relatively compact subdomain 2, cc @ and define the space-time control domain
Q. = Q. xI.

By the Riesz representation theorem (see Theorem [2.9)), we may identify the space of regular M(X) Borel measures
on a subset X C RY*! with the dual space of Cy(X), the closure of the space of continuous, compactly supported

15
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functions in the supremum norm. In particular, we have
MQ.) =C&.)", M(Q.) =C(Q.), M(Q) = Co(Q)", M(Q) = Co(Q)".

Moreover, the total variation norm for measures coincides with the dual norms:

lleeol | pe,) =  sup ffduo,
o2

1/ lle@) <1

”“”M(Q_c) = sup i fdu.
1flle@e <t v Qe
Where appropriate, we identify M(Q.) with the space {u € M(Q) : [supplu) € O}, and accordingly M(Q,) with
{up € M(Q) : supp(ug) € Q.}. Furthermore, a > 0, 8 > 0 are given penalty parameters.
The state y is supposed to solve (3.1)) in the following very weak sense, equivalent to Definition 2.1.] :

Definition 3.1. A function y € L1(Q) is a solution to (3.1)), if the identity

f —(Ow+ Aw)y dxdt = f wdu + f w(0) dugy (3.2)
0 0. fo)

holds for all w € C*(Q) with w(T) = 0 and w|s = 0.

The solvability of (3.2) and of problem (P) have already been established in [20, Theorem 2.2.] and [20}
Theorem 2.7.]. We will also discuss this matter in greater detail later in Section[3.2] For the moment, we just state
that both (3.2) and are well-posed with unique solutions provided that

(i) Qis sufficiently regular (e.g. Q is of class C"'), and
Gi) g € (1, min{2, 1 +2/n}].

For the practical implementation, we propose a discrete concept which delivers discrete controls with a max-
imal sparsity structure, i.e., variational discretization from , which allows to control the discrete structure of
the controls through the choice of Petrov-Galerkin ansatz and test spaces in the discretization of the state equation.
The problem can also be discretized by a full discretization approach as is proposed in, e.g., [20]], where piecewise
constant controls in time and Dirac measures in space are used. This limits the maximal possible sparsity in this
setting to controls which are constant on time intervals.

For the variational discretization we obtain analogous convergence results as reported in [20, Theorem 4.3.].
More precisely, we will prove Theorem 3.2] where denotes the variational discrete version of the problem (P).
We denote the implicitly discrete control space Uj, X U,q, in which has a unique solution (see Theorem 3.12),
and the discretization parameter o = (7, h), where 7 indicates time and / indicates space (see Sectionfor more

details on the notation). Our main result reads as follows:

Theorem 3.2. Let Q ¢ R" be a bounded open domain of class C"' and let q € (1,2] satisfy ¢ < 1 +2/n. For fixed
o, let (ity 5, ;) be the unique solution of problem that belongs to Uy, X U, and denote the associated state
by j,-.

Then for each sequence of discretizations with |o| — 0, we have the following convergence properties:

o =y inLYQ), (3.3)
iy =@ in MO, and g, — iy in M(Q.), (3.4)
litollpnco,) = Nillpg,y and  lionll e,y — llitolpmea,), (3.5)

where (ilg, i) is the unique solution of (P) and § its associated state.

The proof is given on page [30}

16
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3.2 Continuous optimality system

In this section, we take a closer look at the solution structure of (P).

3.2.1 State equation

First, we have to discuss solvability of the state equation (3.1J), to be interpreted in the form @D To this end, for

an arbitrary open domain " ¢ R", we introduce the following anisotropic Sobolev spaces
= {w e L'(Q XD : dw, diw,.... 0w e L'(Q x D),
k € INg and r € (1, 00), and define the space
W= {w e W, (Q) i wlx = 0, w(T) = 0 and —(3, + A)w € U’(Q)},

-1
where p = (1 - é) € (2,00) is the Holder conjugate of g. Because of LP(Q) C L[*(9Q), the existence and
uniqueness theory for weak solutions of parabolic partial differential equations (see e.g., [35] Chapter 7]) implies
that the operator

L=—(0,+A): W — LP(Q)
is an isomorphism of vector spaces. Equipped with the norm
Wllw = ILWllze(g),

W is a reflexive Banach space and L is an isomorphism of Banach spaces. The heat operator d; — A is the adjoint
of L in the sense that (Lw, y)» 1« = (L*y, w)w-w holds for all w € W and all y € LI(Q):

L =0,—A:LI(Q)—» W
Since L is continuously invertible, so is its adjoint L*.

Next we show that M(Q,) x M(Q.) embeds continuously into W*. This will justify putting measures on the right
hand side of (P).

We choose two further subdomains Q’, Q” ¢ Q with smooth boundaries such that Q. cc Q" cc Q” cc Q. By
interior regularity estimates (see, e.g., [@], Theorem 4.3.7]), there exists a C > 0 such that

IWllzr@ iy + 10wl + 103Wllir@xn < C LWy sy < Cliwllw.
Notice that the norms on the left hand side topologize W,z,’l(Q’ x I). Thus, the restriction operator defined as
riW— X ={ve Wy xI): w(T) =0}, rw) = wlg,,

is continuous. For p € (1 + n/2, co) (which corresponds to ¢ € (1,1 + 2/n)), one has a continuous embedding of
Wﬁ’l (& x I)into C(Q’ x I) (see @, Theorem 10.4]). Thus, we have a continuous embedding

Jj X1 - X, X, = {fe CQ xD): f(T)=0}.
Utilizing the restriction operator

51 Xo = C(Q) x CQ), s(f) = (fOlg, flg,)

17
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we define the continuous linear operator
b:=s0jor: W— CQ.)*xCQ.).
This allows us to rewrite and into the following very compact form:
L*y = @*(ug, u). (3.6)

As we have already established that L* is continuously invertible, the well-posedness of (3.1)) and (3.2)) is now
evident. It will soon be essential that @* is injective. Because of

(D" (ug, u), wyw=w = f w(0)lg, duo + fQ wlg, du,
it suffices to show that @: W — C(Q.) x C(Q.) has dense image. By virtue of Tietze’s extension theorem (see
Theorem 35.1.]), the restriction operator s is surjective. So it suffices to show that j o  has dense image. Next
we observe that ' is an extension domain and that each element of X, can be arbitrarily well approximated by the
restriction of a function f € C*(R" x I) with f(T) = 0. We pick a mollifier ¢ € C*(IR") with supp(¢) C Q and
¢lp = 1 and put
w(x, 1) = e(x) f(x,1)  Y(x,0)e€Q.

By construction, we have w € W and j o r(w) = f, showing that @ has indeed a dense image. Thus
D" MQ) x M(Qe) —» W

is injective.

3.2.2 Fenchel duality

As we want to solve our problem numerically by utilizing Newton-based methods, we have to cope with the fact
that, because of ¢ < 2, the contribution y — é Iy — ydll‘iq in the objective function J is not twice differentiable.
Even worse, u = |lullpyg,) and ug > |luollpo,) are not differentiable at all. Fortunately, as demonstrated in
Chapter 2.1.], Fenchel duality can help here: It allows us to transform problem (P) into an optimization problem
that enjoys sufficient differentiability to make it amenable to the semismooth Newton method. As a convenient
side effect, this will also allow us to show that (P) has a unique solution.
We define the problem as follows; as it will turn out in Theorem this problem is indeed the Fenchel
predual of (P):
glew Kw) = F(w) + G(Dw), (P*)

where F: W — Rand G: C(2,) X C(Q.) — [R|:= R U {co} are given by

1
F(w) = I_?“LW”Z)(Q) + (Lw, ya)Lr(0),14(0)»

0, ifllfollea,) <Band ||flle,) < a

oo, else.

G(fo. f) =

Theorem 3.3. Let g € (1,2] satisfy g < 1 + 2/n. Then problem has a unique solution w € W.
Proof. Let {w;}; € W be a minimizing sequence so that

lim K = inf K(w) = K.
Jim Ko = inf Kow) = K

18



3.2. CONTINUOUS OPTIMALITY SYSTEM 19

From K(0) = 0, we know that K < 0, which allows us to assume without loss of generality that
Kwp) <0< o0 Yk,
and hence G(®wy) = 0 for all k. With Holder’s inequality and Young’s inequality in the form

1 1
—ab>—-—a’—-b,
p q

we see

1
K(wy) = F(wy) = ;||LW1<||€,,(Q) + (LW, Ya) 1r(0),19(Q)

1
> ]—)||LW/<||£,>(Q) = ILwilleo)llyallzaco)

1
q
> _c_]”yd”Lq(Q),

and hence K > —oo. For all kK we have F(wy) < K(wy) < 0, which implies that {w;}, is a bounded sequence in W.
Recall that W is reflexive. Hence the bounded sequence {w;}; admits a weakly convergent subsequence: wy — w
in W as K — oo. Likewise, we have @ wp — @ w in C(Q,) X C(Q.). As the indicator function of a closed, convex
set, G is convex and weakly lower semi continuous Thus, we are lead to G(@ w) = 0. Also F is weakly lower semi

continuous, SO we obtain:

K < K(w) = F(w) < liminf F(wy) = lim K(wy) = lim K(wy) = K.

- k' — o0 k' —>o0 k—o0 -
This shows that w is a minimizer of (P*). Moreover, G is convex and F is strictly convex (L is injective and
2 < p <), hence K = F+Go @ is also strictly convex. Thus, there cannot be more than one solution of (P). O

Now we recall the Fenchel duality theorem in a similar notation as in and Chapter 1.1.3.]. We also
refer to Chapter I11.4.]. For a convex, lower semi continuous functional F: R — R on a normed space R with

inf,eg F(r) < oo, we define its Fenchel conjugate by
F*:R" >R, F*o):=sup{o,rgr—F(r).
reR

Theorem 3.4 (Fenchel Duality). Let R and S be normed spaces with topological duals R* and S* and let A : R — S
be a continuous linear operator. Let F: R — R and G: S — R be convex, lower semi continuous functionals and

suppose that F and G are not identically equal to 0. Consider the primal problem
inlg F(r)+G(Ar), 3.7
re

and the dual problem

sup —F*(A*0) — G*(-0). 3.8)

oges*

Suppose the following two conditions are fulfilled:

o The primal problem (3.7)) has at least one solution.

e The regular point conditions is fulfilled, i.e., there exists an ry € R, such that F(rg) < oo and G(Ar) < oo for

all r in a sufficiently small neighborhood of ry.

Then also the dual problem has at least one solution and one has the identity

meilgl F(r)+G(Ar) = max -F*(A"0) — G*(—0). (3.9)

19
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Furthermore, for r € R and o € S*, the following three statements are equivalent:
1. ris a solution of the primal problem and o is a solution of the dual problem (3.8).
2. F(r)+G(Ar) = -F*(A*0) — G*(-0).
3. Ao € OF(r) and —o € dG(Ar).

We are going to apply the Fenchel duality theorem to R = W, S := C(Q.) X C(Q.), and A = &. To this end, we
show first that and (P) are dual to each other.

Theorem 3.5. The Fenchel dual problem of coincides with (P).

Proof. Tt suffices to show that J(ug, u) = F*(D*(uo, u)) + G*(—up, —u).
In order to calculate F*, we use the equivalence of the following statements on w € W and & € W*:

F*(&) = ¢, wyww — F(w) ifandonly if & € 0F(w). (3.10)

Here 0F (w) denotes the subdifferential of the convex functional F. Since F is Fréchet differentiable, we have
OF (w) = {DF(w)}. Hence & € dF (w) is given by & = L*(ILw|[P"2Lw + y4), where % + cl/ = 1. Solving for w leads to

_1
W= L sgl(L6 = ya) 1L = yalPT). @11
Substituting this into (3.10) and utilizing (¢, L™ 2)w-w = (z, L") 100) Tor all z € LP(Q), we derive
* 1 p
F(&) = & whww — I;”LW”U(Q) = {Lw, Ya)1r(0).L(0)
% —x L —x 1 —x

= (sgn (L€ = ya) IL ™" = ya 70, L™ = ya) 1r(0)10(0) — ;HL &= vallfy

1 p
= (1 - —)f |L7*¢ — ya| @D dxdt

P/Jo

1 ,

= c_]”L f—ydlqu(Q)-

In order to derive G*(ug, u) we can interpret G(fo, f), as consisting of two summands, which represent an indicator

function with only one constraint respectively, where we want to use the following notation:
£o(0, f) + £5(f0, 0) := G(fo. /).
Here, we make use of (fj, f) € C(Q.) x C(Q.) and
(C(@0) x C(Q0)) = M(@e) x M(Qe).
From Theorem 2.2.8] we know that for it = (ug, 0) + (0, u) € M(2.) x M(Q,) it holds that :
G*(it) = (Lo + g) " (ug, u) = 30, u) + (o, 0).
Looking at both conjugates separately, we can use (3.10) and derive:

6,0, u) = sup (0, u), (0, f)) = £a(0, f)
(0.HEC@0)XC(Q.)

. f Fdu (3.12)
0.

F€C(0), I fllg(ge) s

= allullpg,),

20



3.2. CONTINUOUS OPTIMALITY SYSTEM 21

where

((uo, w), (fo. f)) 1=f Joduo + | fdu.
2 0.

Analogously, we observe that f;(uo, 0) = Blluoll pyq,)- Assembling this information, we obtain

G* (@) = allullpmg,) + Blluollpa,)-

Theorem 3.6. Problem has a unique solution (ity, it), which is characterized by
&*(itg, 1) = DF(W) = L*((LW]"2Lw + yq) and  — (ito, it) € IG(D(W)), (3.13)
where w is the unique solution of (PY). The optimal state y can be retrieved from w via
§ = L7 ®"(iig, it) = |Lw" 2L + yq.

Proof. We have seen already in the proof of Theorem 3.3|that both F and G are convex and lower semi continuous
and that F is even strictly convex. Furthermore we set A = ®. By Theorem [3.3] the problem has a at least
one minimizer. For wy = 0, we have ®wy = 0 and Lwy = 0, showing that F(wg) < oo and G(® wy) < co. Due
to @,B > 0, G is continuous at @ wy so that also the regular point condition is fulfilled. Thus, we may apply the
Fenchel duality theorem, which implies that has at least one solution. Since L™*®" is injective and g > 1, J is
strictly convex, hence there is only one solution (i, it). By the the third condition from Theorem@], each solution
has to satisfy @*(itg, 1) € IF (W) = {DF(w)} and —(itp, it) € G(P(Ww)), where w is a solution of (P7). m]

3.2.3 Sparsity structure

We recall the optimality conditions for the solution (i1, it) of from [[2;0} Theorem 3.1.] and the resulting sparsity
structure [20 Corollary 3.2.] of the optimal controls (i, &t). These results can be directly transferred to our setting

since the latter is a special case of the formulation in [20]].

Lemma 3.7. Let (i, it) denote a solution to (P) with associated state . Denote by w € W the unique solution of
L =5 = yal"(F - ya) € L"(Q),

which follows from the first part of (3.13) by solving for Lw. This w satisfies

f w(0) ditg + B llitoll pa,) = 0, (3.14)

c

f wdii + o il g, = 0, (3.15)

c

and

W, )| = a forall (x,t) € Q. N supp(ii),
W, )| <« forall (x,1) € Q. \ supp(it),

Ww(x,0)| = 8 forall x € Q.nN supp(iiy),
w(x,0)| < B  forall x € Q. \ supp(ily).

21



22 CHAPTER 3. PARABOLIC OPTIMAL CONTROL GOVERNED BY SPACE-TIME MEASURES

Proof. From the first part of (3.13) with ; + = 1 we deduce

= L7 (0, ) = LWL +yq
= ¥=ya=ILWwPLWw

= 17— yal"?( = ya) = L.
By optimality of (i, it) we have
J(ag, it) < J(up, u) Y (g, u) € M(Q.) X M(Q,).
Also, J is convex, so for A € [0, 1] it holds
J (g, ) < J(io + Aup — o), i + A(u — i) Y (ug, u) € M(Q.) x M(Q,)

< J(ig + Aug — y), i + A(u — u)) — J(ug, it)
- A

= 0 Y (g, 1) € M(Q.) x M(Q,).
Now let 2 \, 0 and with J(ug, u) = F*(D*(ug, 1)) + G*(—ug, —u) for all (ug, u) € M(Q.) x M(Q.) we get

0< dF*(Q*(ﬁo, it); (ug — g, u — it)) + dG*((—itg, —it); (ug — iy, u — i)
= dF* (D" (i, it); (uo — o, u — it)) + dG*((~itg, 0); (uo — i, 0)) + dG*((0, —t); (0, u — ir))

< dF(@" (g, 1); (uo — g, t — 1)) + B (luollyay = ol ia,y) + @ (Ilell gy = Ml aics,)

- fg SO do i)+ [ =+ B (lualas ~Wanlag:) + o (g, = g,
First, we set ug = iip in (3.16)) to get
- f wd(u —it) + allill pmg,) < @llullpg,) Yu e M(Q,).
By setting # = 0 and u = 24 in this inequality we get

f wdi + a””_{”M(Q_L) <0 and - f wdu — (Y”IT{”M(Q'L) <0,
0 0.

A

(3.16)

(3.17)

which immediately shows (3.15). Analogously, we can choose u# = & in and then combine the information
from setting up = 0 and uy = 2ii to see (3.14). We remark, that these conditions can also be followed from the

second part of (3.13), where we have that —(iig, 1) € IG(P(W)) & (W) € IG*(—(iky, i)).
We insert (3.15)) into (3.17) and see

—f wdu < Q’HMHM(QC) Yu € M(Qc)

¢

Letu = 5, ® §, for arbitrary (x,¢) € Q,, then

- f wd (5, ®0,) < alldy ® dillpmeo,)

c

= -w(x,t) <a sup fd®,®06)
1l <1 Qe
= -w(x, 1) < a.
In the same way for u = — (8, ® 5,) we get w(x, 1) < a. Since (x,1) € O, was chosen arbitrary, altogether, it holds

w(x, 1) < a Y(x,1) € Q..

22



3.2. CONTINUOUS OPTIMALITY SYSTEM 23

Furthermore, from (3.15) we can derive

f wdit = —allillpp,) =  sup f —afdn= sup f du.
D QC

) I/l <! Ifllogo=a JO.

For the case that # # O the above equality shows
W(x, t)| = a Y(x, ) € Q. N supp(ii).

Analogously, we can deduce |w(x, 0)| < 8 for all x € Q. and |Ww(x,0)| = 8 for all x € Q. N supp(iip). ]

We introduce the following helpful Lemma, which is based on Lemma 3.4]. We change the sign in the
equations and therefore find the signs also changed in the resulting sets. We give the proof in detail to demonstrate

that the change of sign does indeed work throughout the whole argument.

Lemma 3.8. Let uy € M(Q,),u € M(Q,), fo € C(Q.), f € C(Q.), all of them not zero, be such that

(%f)M(Qc),C(Q() = _”u”M(Q_C)”f”C(Q_()a (3.18)

(uo, ﬁ)>M(Q(),C(Q,.) = _HMOHM(QC)”fO”C(QC),

and let uy = uj — uy,u = u* —u" be the Jordan decompositions. Then we have

supp(u®) C {(x,0) € Q. : f(x,0) = = flleo)s (3.19)
supp(u”) C {(x,0) € Qc & f(x, 1) = +l|fllog,))» (3.20)
supp(ug) C {x € Qe = fo(x) = ~Ilfollc@,)- (3.21)
supp(ug) € {x € Qe : fo(x) = +llfolleea,))- (3.22)

Proof. We will only prove (3.19), since (3.20)-(3.22) can be proven analogously.
Let v € M(Q.), such that [Vl pg,) < llullrqg,) then

W FImoco = ~Mllmgoll e, < =V llflley < 5s P mo.c.- (3.23)

We have also that

(s FYmoocn = U FImeoocn + s FImoocn = U Imeoocon = s FHmaoncw

> =", Mmoo = U fImeocon

Moreover, the inequality is strict, unless (u*, f*) v6.).c0.) = Y mo.).c0,) = 0, which happens if

supp(u™) € A_ = {(x,0) € Q. : f(x, 1) <0},
supp(u™) € A, = {(x,0) € Q. : f(x,1) 2 0}.

Now, we define v = v* —v~, as v = u*|,_,v~ = u"}4,. So obviously it holds [Vl y(g,) < llullr(g,)- Furthermore, it

is easy to see that

W FYmocn = Vs Hmoocn + Wi FOMmoocon + U ias FIma0.co.)-

Let us assume that supp(u*) ¢ A_ or supp(u~) ¢ A, then (u, f) M0 > Vs FIm@d..c0.). but this contradicts
(3:23), so we have that
supp(u™) CcA_  and supp(u”) C A,.

23
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Now, we distinguish two cases:

1% case: min, yep, f(x, 1) > =l fllco,)
We will prove that in this case u* = 0, which gives

supp(u”) =0 = {(x,0) € Qc 1 f(x, 1) = =Ifllc(g,)}-

Let (xo, t0) € Q,, such that f(xo, o) = lfllcco,) and define v = —u+(Q_C)® d;,) — u~. For this choice it is obvious
that [Vl y(g,) = 1l pmo,)- Assume u™ # 0, then

O PImo.cn = ~Ifllegou™ Qo) = ™, Flmn e

< min f(x,)u"(Q.) - W, FYMo.c0.)
(x,HEQ,

<, FIMa).c00

This is in contradiction with (3.23), so u* = 0 must hold and this shows (3.19).

2 case: ming, pep. f(x, 1) = =l fllco,)
Let (xg, fo) € O, such that f(xo, fo) = —||f lleco,)- We will show the claim in this case by contradiction. To this end
let

S ={x,n € Qc: 02 fx,0) > ~IIfllcia)-

Now, assume u*(S) > 0. Here, we define v = u*(Q.)(5,,®8,,)—u~ and again, it is obvious that MIamco, = lllpo,)-

Due to u™(S) > 0, we see

O PImocn = ~Ifllegou™ Qo) = ™, Fmn e
<, PYmoocon = U FImonco

= s I m0).c00)

So again, this contradicts (3.23)), and u*(S) = 0 must hold. Since we already have supp(u*) c A_ and A_\ S =
{(x,1) € Qc 1 f(x,1) = = flic(g,))- this shows (B.T9). o

Remark 3.9. Under the assumptions of Lemma[3.7|we have the following sparsity structure:

supp(i®) C {(x,1) € Q. 1 W(x, 1) = —al,
supp(ii”) C {(x,7) € O, : w(x, 1) = +a},
supp(iiy) C {x € Q. : w(x,0) = -},
supp(ity) C {x € Q. : w(x,0) = +3)},

where it = u* — i~ and iy = iy — i, are the Jordan decompositions. Let us note that w is the adjoint variable in

in the sense of (3.2).

Proof. Forii = 0and iy = 0 the claim is obvious. Let &z # 0 and iy # 0, then from and (3.15)) in combination
with [w(x, #)| = @ and |w(x, 0)] = 8 we get

(it, ‘p(W)}M(Q‘.),C(QC) = f wdii = —(IHIZHM(QL.) = —|w(x, 1) ”’ZHM(QL.) = _||’7‘||M(QC)||¢(W)||C(Q(.),
Q(‘

(o, ¢(W(O))>M(QL,),C(QE) = f w(0) diiy = —BHQOHM(Q) = —|w(x, 0)| ||L70||M(QL,) = —||17¢0||M(Q.)||®(W(O))||C(Q.)-
Q.

c

Then, by Lemma [3.8|and inserting properties of the embedding the claim follows. O
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3.3. VARIATIONAL DISCRETIZATION 25

If one considers it as the generic case that the function w is not constant on sets of measure greater than zero,
the controls have support sets of measure zero. This is our motivation to propose a discretization strategy which

reflects this behavior on the discrete level in space and time.

3.3 Variational discretization

Here we want to achieve the desired maximal discrete sparsity, i.e., Dirac-measures in space-time, by choosing
the Petrov-Galerkin ansatz and test space that will induce this structure. The variational discretization concept
was introduced in [49]] and its key feature is to not discretize the control space. Instead, via the discretization of
the test space and the optimality conditions, an implicit discretization of the control is achieved. This is how we
control the discrete structure of the controls. Looking at the relation (3.11)) between the optimal adjoint state w and
& = @*(ug, u), it is obvious, that the discrete structure of the test space affects the structure of the optimal controls
(o, u) € M(Q:) x M(Q.).

This motivates the following choice of discrete spaces: We define the state space Y, consisting of continuous
and piecewise linear functions in space and piecewise constant functions in time, whereas we define the test space
‘W, consisting of continuous and piecewise linear functions in space and time.

In the following we discretize and analyze the structure of the controls. We will see that the above choice
of discrete state and test spaces in combination with the optimality system of the discrete problem induces Dirac
measures in space and time for the controls. Afterwards, we discuss the existence and uniqueness of solutions to
the variational discrete problem. We then prove the convergence properties stated in Theorem [3.2] Afterwards we
discretize (P¥), reformulate the problem equivalently, and derive an optimality system by a Lagrange approach. If
the necessary conditions are fulfilled, we can apply a semismooth Newton method to solve the optimality system.
Utilizing Fenchel duality, we can finally calculate the optimal solution of (P).

As a first step to characterizing the discrete spaces, we have to set up the space-time grid. Define the partition
0=1 <t <...<ty =T. The time interval / is decomposed in subintervals Iy := (t—1,%] fork = 1,..., N,
and Iy, = (ty.-1,ty.). We point out that we defined the intervals I; such that they cover the full time interval
I, which is crucial because we deal with measures that can be supported on isolated points. The temporal grid
size is denoted by 7 = max <<y, Tk, Where 7, = #; — #;,_;. Let K, be a finite triangulation of © with grid size
h = maxgex, K). We set Q, = U kex, K and denote by €, the interior, by I, the boundary of @y, and by

Oy, = ©y, x I the discrete space-time domain. We assume that vertices on I, are points on /. The interior vertices
N
} h

of K, are denoted by {x;}* . We combine the two discretization parameters 7 and / into the vector o = (7, k) and

define the following discrete state and test spaces:

Y :=®: 1<j<Npand1 <k< N, (3.24)

W, = spanie,; ®e, : 1 < j<N,and 0 <k <N — 1},

such that w,(T) = 0 for w, € W, is ensured. Here, (ex/)iyz”1 and (e,k)kN;(;l denote the nodal basis formed by
continuous, piecewise linear functions on £, and 1, respectively. Moreover, y; denotes the indicator function of

the time interval I;. We also define the space
Y, = spanfe,, : 1 < j < Ny}

In order to set up the variational discrete state equation, we start by deriving a very weak formulation of (3.1)),
which will be discretized afterwards. By multiplication with w € W, integration over the domain Q, and utilizing

w(x, T) = 0, we arrive at

f (=yow+ VyVw)dxdt = f w(0) dug + f wdu. (3.25)
0 2. 5

fe
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Inserting y, € Y, and testing against all w, € W, yields the following variational discrete representation of the

state equation: Find y, € Y., such that

f (= Yo Owo + Vy,Vw,)dx dt = f we(0) dug + f W du (3.26)
Q Q( D

holds for all w, € W,,. This allows us to formulate the variational discrete problem

1
min Jo (o, u) = = lye-(uo, w) = yalll, o, + @l peo,y + Blluoll pa, s (Py)
(o) eM@IXMB) g7 La@w M@ M) 7

where y, (i, u) denotes the unique solution of (3.26).

We refrain from giving a detailed derivation for an optimality system and the sparsity structure for this prob-
lem as this would closely follow the procedure in the continuous setting (see Lemma[3.7|and Remark [3.9). Instead,
we focus on analyzing how the controls (ug, u) are implicitly discretized. First we define the following sets of
indices:

Ty =10k : (xj, 1) € O} and Ip=1j:x; € Q).

We may suppose that the space-time discretization is sufficiently fine so that 7, and 7 are nonempty. Utilizing
these sets, we define the following discrete spaces:

Vi = spaniey |, : j€ Ip} and V. :=span{(ey, ® e )lg, : (J;k) € Lo}

Notice that both spaces are spaces of continuous functions, i.e., we have V;, € C(@2,) and V. ¢ C(Q.). The discrete

version of the mapping @, decomposed into two parts, reads as follows:

D Wo = Vi, Pu(we) = we(0)lg,, (3.27)
czso’ : (WO' - (va', ®0'(W0') = WU’lQ‘.' (328)

We suppose that Q. is polygonal and that %, is an exact triangulations of Q., i.e., Q. = U kex, k<o, K and similarly
for Q..
From the discrete optimality system (whose precise derivation has been omitted), we obtain:

max W0l = Woe(Olleoa, = 1Px(Wellloa, < B (3.29)
h
([max Wikl = Wollwg, = 1Pr(Wollwg, < @, (3.30)

where the W, denote the coefficients of the optimal adjoint variable w, € W, i.e.,

N N-1

Wy = Z Z Wik (e, ® ey,).

=1 k=0

Here, we mention the mapping @ explicitly for clarity. As discrete sparsity structure (analogous to Remark [3.9),
we obtain the following

supp(iig) C {x € Q. : Wy (x,0) = -},
X € Q. we(x,0) = +5},
Supp(ﬁ+) - ('x7 t) € Q_C : wﬂ'('xv t) = _a,}7

supp(it”) C {(x,1) € Q. 1 Wo(x, 1) = +a). (3.31)

{
supp(ity) < {
{
{
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By construction, the discrete adjoint state w, is piecewise linear, both in space and time. Thus, @, (w,) and @, (W)
attain their extremal values +« and +8 in the grid points contained in Q, and Q,, respectively. Generically, @, (W)

and &, (W, ) attain their extrema only in these grid points, in which case we have

supp(it) C {(x;, 1) : (j,k) € I} and supp(iig) C {x; : j € Ip}.
This leads us in a natural way to the discrete control spaces

Uy = span {5, : j € T} c M@,), (3.32)
Uy = span {dy, ® dy, = (k) € Io} € M(Q,). (3.33)

Notice also that the natural pairings M(Q.) X C(Q2.) = R and M(Q.) x C(Q.) — R induce the dualities V; = U,
and V. = U, in the discrete setting. Here we see the effect of the variational discretization concept:
The choice for the discretization of the test space induces a natural discretization for the controls.

The following operators will be useful for the discussion of solutions to (P,):

Lemma 3.10. Let the linear operators T, and I1, be defined as below:

T M@) = Uy M@ Ty= 5, [ e
Q,

J€Ln <

0,:C@Q) = Vy cC@),  Mifo= ). folxjes,
Jjely

Then for every uy € M(Q.), fo € C(2.) and v, € V), the following properties hold.

(U0, Vi) =(Th uo, v, (3.34)
uo, Iy fo) = (T uo, fo)s (3.35)
1Tn uoll v,y < Mol pa,)s (3.36)
Thuog—ug € MQ) and || Thuollp, = lletoll pgc2,)- (3.37)

These results follow directly from restricting Proposition 4.1.] to Q. ¢ Q. We give the proof for completeness:

Proof. We see (3.34) by the following calculations:

(uo,vh>=f Zvjex/duo
o

JjeTy

= th(xj)f ex].duo
2.

J€Ln

= Y Guem) [ e dug
Q.

J€ln

= (T uo, ).
And (3.33)) by:

(Mo,th0>=f[; Zfo(xj)ex,-duo

JjeTIy

= Z(éx/,fo)f ex; dug
2.

JET)
= (T ug, fo)-
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28 CHAPTER 3. PARABOLIC OPTIMAL CONTROL GOVERNED BY SPACE-TIME MEASURES

Next, to show (3.36) we estimate:

1% uoll e,y = ” Z by, fg ex; dug ”M(Q)

J€ln ¢

< Y Wullniay [ e
jen, T Ve

gf dluol = lluoll pma,) -

c

Consequently, there exists a subsequence, denoted in the same way, such that
Thuy — ity € M(Q,) as |h| — 0.
For any fy € C(Q.), it holds that I, fy — fy € C(Q.), as |h| — 0. We derive
(g, fo) = IHE%)(Th uo, fo) €3 V%}%(”O,Hh Jo) = Cuo, fo)-

. _ *
This shows g = up and 1, ug — uy for the whole sequence and hence

N
||U0||M(QF)Sh‘lgll_l)gf”YhMOHM(QF) < ||u0||M(QF)-

We also derive an analogous result for the space-time discrete spaces U, and V,,, similar to Proposition 4.2.],
but adjusted to our choice of spaces. The structure of the proof remains, only technical calculations are different.

Lemma 3.11. Let the linear operators T, and 11, be defined as below:

Ty MO = Uy c MO, Tou= Y 8,08, f e, ® ey du,

(e, Qe
Hr:CQ) > VecCQd,  llofi= Y. fxj,1) (e ®ey).
kel ,

Then for every u € M(Q,), f € C(Q.) and v, € V,, the following properties hold.

(U, ve) =Y, Vo), (3.38)
w1l Y =(Teuf) (3.39)
17 ull pgo.) < Nl peo,)s (3.40)
Touu € MO and |Toullyo, = lllyg,. (3.41)

Proof. We verify (3.38) by the following calculation:

<u, V(T> = fi Z Vj!k (exj ® e[k)du

Oc (jiel,

= Z va(xj,tk)f ey, ®ey du
Qc

(GKEL,
= Z 0y, ® Stk,vo-)j: ex; ® ey du
(GKEL Qe

= <T0'u’v(7'>'
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3.3. VARIATIONAL DISCRETIZATION 29

Equation (3.39) can be seen by another short calculation:

(u,H(rf>=f_ Z J(xjs 1) (ex; ® ey) du

Qe (jhel,

- Z <5xj®5,k,f>f_ ey, ® ey du
O

kel »

= <Y<ru7f>~

Inequality (3.40) is obtained as follows:

17 g, = || Z 5, ®8, f ex, ® ey d””M(Q‘n
(Hel, 2

= Z 19; ® Sy llpmg.) fQ ex; ® ey dlul
S——— c

(el ™

< f dlul =y -
Q(‘

We deduce that there exists a subsequence, denoted in the same way, such that
Tou—a € MQ,) as |o] — 0.
For any f € C(Q,), it holds that I7,, f — f € C(Q.) as |o| — 0. We derive

G fy = fim (Y u, ) S lim @1 )= (. f).
This shows ## = u and T’ u s u for the whole sequence and hence

o o)
lelaugn < Hminf 7o gy < Illg, -
O

Next, we observe that J, is convex, but not strictly convex. In the continuous setting, the strict convexity of
J was caused by the norm ||||z«(g) for ¢ > 1 and the injectivity of L™ ®*. Here we have the discrete operator
L' : Y, - W:, defined as

<L2—yo" Wo’> = f(_yo al‘Wcr + VyO'VWO') dx dt,
Qo
with L, : ‘W, — Y. We can rewrite the discrete state equation (3.26) as
Yo (uto, u) = L (D) Thuo + D, T out). (3.42)

In general, the mapping M(Q.) X M(Q.) > (ug, u) — y,(uo, ) is not injective, hence the uniqueness of the solution
to (P,)) cannot be concluded. In the implicitly discrete setting however, we can prove uniqueness similarly as done
in [[14] Section 4.3.].

Theorem 3.12. The problem (P,) has at least one solution in M(Q.) x M(Q.) and there exists a unique solution
(fHg 1, i) € Up X U,y Furthermore we know for every solution (i, it) € M(Q.) x M(Q.) of (P,) that

(Y ttg, Tor tt) = (o, ler). (3.43)
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30 CHAPTER 3. PARABOLIC OPTIMAL CONTROL GOVERNED BY SPACE-TIME MEASURES

Proof. The existence of solutions can be derived as in the proof of Theorem [3.6|because the control domain is still
continuous. Let (fg, it) € M(2.) x M(Q.) be a solution of problem (P,)) and let

(ﬁo,h, ig) = (Tpitg, To 1) € Up x U,
We deduce from (3.34) and (3.38) that
Yo (o, u) = Yo (Vhtto, Vou)  for all (uo, u) € M(Qc) x M(Qo). (3.44)

Additionally, (3.36) and (3.40) deliver

||’/_l0,h||M(Qr) < ||ﬁ0||M(_Qr)a

laslipmay < llitlimg,-

Combining these properties, we deduce J,(iig, ity) < Jo(fhy, ). This validates the existence of solutions in the
discrete space Uy, X Uyq.

The operators 7, and 7', act as identities on Uj and U,,. Furthermore, the operator
((pfu gZﬁo‘)* : Uh X 7/10' - (W:-

is injective and we also know that dim(Y,;) = dim(‘W}.). Hence we deduce the injectivity of (uo, u) = y,(uo, u)
for discrete controls (19, u) € U, XU,. Now strict convexity of J, on Uj, X U4 follows from g > 1. Consequently,
problem has a unique discrete solution (itg ,, it5-) € Uj X Uy,

For every solution (&g, &) of (P,)), the projection (1% fip, T’ i) is a discrete solution. Moreover, there exists only

one discrete solution. So we deduce that all projections must coincide, showing (3.43). O

Since all projections of solutions of (P,) yield the unique discrete solution (iig, il,), it suffices to analyze the
convergence properties of (iig , i) for o] — 0. Furthermore we may find solutions of (P, numerically, by
restricting the control space to Uy, X U,

We now prove the convergence result formulated in Theorem [3.2]along the lines of the proof of Theorem 4.3.].

Proof. Observe that
_ 1
Toln o) < Jo(0,0) = — Il g,

This implies that the norms [[¥,|lzs(0,)» llito 4l M(2.) and ||z || M(g,) are uniformly bounded for all o~. Now, let {0},
be a sequence with |o,| — 0. Boundedness in norm implies that there exists a subsequence {7, }¢, such that the
following holds true for k — oo:

(o fer,) — (Gl i) in M(20) X M(Qe) and 3y, = §in L4(Q). (3.45)

We will split the proof into three steps.

Step I - § is the solution of (3.1) corresponding to (iiy, it), i.e., L*y = &*(iig, it).
By constructing a suitable Friedrichs smoothing operator and by using standard results in approximation theory

(e.g., cubic spline interpolation, see 2, Theorem 1]), one realizes that
W e C(LR) : y(T) = 0} (C*(Q) N W, " ()

is dense in W (for more details see Appendix [A.T). Consequently, it is sufficient to test the smooth state equation
(B-2) against w = ¢ ® ¢ with ¢ € C*(I; R) satisfying y(T) = 0 and ¢ € C*(2) N Wé’p(.Q).
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3.3. VARIATIONAL DISCRETIZATION 31

Let ¢ be approximated by ¢;, € Y}, such that

h—0
ngthzh dx = fV(,onh dx Vwp €Y, and |l¢—@ullga — 0. (3.46)
Q Q

Indeed, one has the error estimate

1
lle = @all=@) < C #? log(z) el (o)

for the Ritz projection. For details see Corollary 2 and Remark 4 in [[60].
Moreover, let . = >, ¥(#) e, be the continuous, piecewise linear interpolation of  on the time grid and put
Wo = @ ® ; € W, By construction, we have w, — w € C(Q) for |o| — 0. Furthermore, ,w, — 8w € LP(Q),

where é + i =1, for |o| — 0 since

10w — Owelliro) < Il = @n) @ YW llr) + llen ® (W' = ¥llr o)
= |l = @nllr@) W ey + lenllog) W = Wellra
<121"7 (lle = eulle@) W lray + lenllc@y 10 = Wella)-

We have [l¢ — ¢illco) 230 from (3.46) and |l — ¥/ llray < ChllY” lle 73 0 can be confirmed by splitting T
into its subintervals [, integrating and using y/(f;,) = . (t) for all k € {1,..., N;}. Testing (3.26)) against this w,,

we obtain

(L5 o) = f o (0) ditg, + f We dity. (3.47)
Q(‘ 7[‘

On the right hand side, we can perform the limit directly:

f o (0) i + f wo dity 7 | w(0) ditg + f wdi.

e Qc e Qc

The left hand side of (3.47) can be expanded to
(L) YosWe) = — f Vo (on @Yy dxdr + f V3, V(pn ® ¥;) dx dt. (3.48)
o 0
Applying the very definition of ¢, and integration by parts, we observe that
f Vo V(on ® Yp) dxdt = — f S0 (Ap ® Yrp) dxdt 05 — f 5 Awdx dt.
Q Q Q
Along with (¢, ® ¥.) = d;w, and — fQ Vo OWe dxdt — — fQ 5 d,w dx dt, this implies that
(LoFos Wo) = (L*F, w)
for all tensor product functions w = ¢ ® . Thus, we deduce L*y = @ (i, it) from (3.47).

Step II - (i, it) coincides with the unique solution (iiy, it) of (P.)) that lies in U, X U,
In order to prove this, it suffices to show

‘lo'(ﬁ()s ﬁ) S ‘,0'('20, l/_t)

Recall that we identified M(Q.) and M(Q.) with {uy € M(Q): supp(up) € Q.} and {u € M(Q): supp(u) € O.},
respectively. In this sense, the sets

{fo €C*(Q): supp(fo) c 2} and (f € C™(Q): supp(f) € O}
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32 CHAPTER 3. PARABOLIC OPTIMAL CONTROL GOVERNED BY SPACE-TIME MEASURES

are dense in M(Q,) and M(Q,) with respect to the sequential weak-* topology. This can be seen by utilizing that Q,
and Q. have to satisfy certain uniform cone conditions (because they are Lipschitz domains, see [1, Paragraph 4.8])
and by convolution against suitable Friedrichs mollifiers that are compactly supported in the interior of finite,
convex cones (for further details see Appendix [A.2). Notice also that such convolutions do not increase the M-
norms.

Consequently, we may pick a specific minimizing sequence
(Uo,ms Um) = (fom dx, fu dx & dt),
where fy,, € C*(Q) and f,, € C*(Q) satisfy supp(fo,») € £, and supp(f,,) € Q.. Then the states
Ym = L7 D" (ug s )

are solutions of the heat equations
Oym = AYm = fu, 00,
Yn(x,0) = fom, inQ,
Ym(x, 1) =0, on’.

It follows now from maximal regularity (recall that Q is now assumed to be of class C"'), that y,, € W,2 - (Q) for
all 2 < r < oo. Thus the finite element discretizations of the states converge to y,, in L*(Q) and thus also in LY(Q).

More precisely, we have for each fixed m that
lim 1L (] @ 200 ) = Yliscor = 0.
We choose a suitable subsequence of {0, }id as follows: We put k; := 1 and pick k,, > k,—; recursively such that
L (& o g4 < ! f hm > 2
e (P, @ P, o tn) = Snllsig) < 5o for each m 2.

Now using the projection properties (3.36)),(3.40) and (3.44) in combination with the above, we obtain

Ja’(ﬁo,hnkm 5 ’/_to',,km ) < Jo’(‘rh,,km Uuo,m. T(T,lkm um)

1 —% * *

< I, (@, @ @ o i) = v+ 3 = Yallg, * @l + Bl
1.1
—(— — 9q _ _

< q(m + ”))m yd“Lq(Q)) + a”um“M(Qc) +:8||u0,m||/\/((gc)-

Next, we use the weakly lower semi continuity of J in combination with (3.43)), then apply liminf,, . to both
sides of the above inequality, and finally use the facts that (ug,, #,) is a minimizing sequence and that (i, it)

solves problem (P):
J(igy, it) < liminf J, (i), iy )
m—oo > han Mo

L1
< lim inf ~ ((E + llym = yduz.,(@) + allunllpg, +ﬁ||uo,m||M<gf))

m—oo q

< lim sup J,-(Ug m» )

m—o0o
1 _ _
< 17 =3l g, + ellllyig, + Aol

= J(ig, it).
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3.3. VARIATIONAL DISCRETIZATION 33

Step III - proof of (3.3, (3:4) and (3.5)

Altogether, we know that every sequence {07}, with |o,| — 0 has a subsequence {o7, }, such that for m — oo
(o, » i, ) = (0, @) € M(Q) X M(Qe) and  F, — 3 € LUQ).
Since the limits are always the same and (o, #) and ¥ are unique, this implies already that
(o ) = (0, ) € MQ) X M(Q,) and 5, = § € LU(Q) for |o7 = 0.

This shows (3.4). Next, we can calculate

1 _ S G . 1 _
i Yallfug) < liminf plilae Yallfy g, < limsup ~[5 = yallf, o,

|o|—=0

IA

lim sup (Jo- (o1, o) — @ il pmco) — B0 pll M)

lo|—0

IA

lim sup J(ito 4, i) — iminf (@ [, pc0) + B lliosllmce)
lol—0 lo}—=0

J(ig, i) — lilg_r‘l_i)gf (il pmc) + Bllioslme)

(XS _ _
< J(ig, ) — (il pe) + Bllalme)

IA

1
- 4
5”}’ Yd“Lq(Q)'

Because of 1 < g < oo, the space LY(Q) is an uniformly convex Banach space; thus weak convergence together
with the convergence of the norms implies strong convergence (see [[I0, Proposition 3.32]). This shows (3.3). In a
similar way we can prove the first part of (3.5)

_ 345 _ . _
all@lime < ll‘frlll 1%f01||ua||M<Q> < limsup a [|itq || M)
o|—

lo1—0

. o l _
< limsup (Jo(ito, ils) = 5”)70' = Yallfacg) = Blliosllme)

|or|—0

I G o _
< J(ao, i) - ;1||y = Ylfyg) = limint B lito.1llmee)

I/\E

A I _
J (g, i) = ally = Ydllug) = Blollmeo

a ||l pmg)-

Finally, the second part of (3.3) follows directly from limy—¢ Jo-(iio 1, #) = J(itg, it) and the fact that we already

showed the convergence of the other two terms. O

Now we discretize with w, € W,, and equivalently reformulate the problem in the following way:

. 1 .
W[l;rel}‘l}/gKa'(W(f) = l—7||L<rWa||Z,(Qh) +(LaWe, Ya)Lr(01).L4(01) (P7)
.t PhWo)lleo o, < B and [[Po(Wellw,p, < @ (3.49)

Similar to the continuous setting, it can be shown that is the Fenchel predual of the problem restricted
to (ug,u) € U, X U,,. In order to solve , we want to represent L, : ‘W, — Y. by a matrix, as done in .
From Section 4] and we know that the matrix representation of L, : Y, — ‘W, yields a Crank-Nicolson
scheme with a smoothing step. We will derive this first.
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34 CHAPTER 3. PARABOLIC OPTIMAL CONTROL GOVERNED BY SPACE-TIME MEASURES

Let = «exw e,@)i’ i, be the mass matrix and = ( fg Veijexk dx)?,];;:l the stiffness matrix corresponding to
Y;,. We define

Yih = Yol € Ya fork € {1,...,N;},
Wik =we(, ) €Yy forke{0,...,N; — 1},

Wi ::wk,h®e,ke(Wg forke{0,...,N; —1}.

We then obtain the following :

(Lyyo, W) = f Yo 0wy + VyoVwy dx dt
0

= f f —YViaWiki Oy, +(VyinVwiy) e, dxdt + f f Vet Wi 0cey, + (Vyke1n V) e, dx dt
I Jo —— ——

Iy JQ
1 1

% T Tk

Ty Thel
= f VWi dx + — f VynVwen dx + f VirtpWin dx + == | Vyie1,Vwes dx
o 2 Jo o 2 Jo

Tk Tl
= OVketh = Vi) My wich + (3 Yen t T+ Yertn) An Wi

forall k € {1,...,N; — 1}. So, for k = 0, we have
<L;kry(r9 wo) = f Vo Owo + VyoeVwo dxdt
o

:ff—thWo,h 0rer, +(Vy1sVwoy) e, dxdt
L JQ S~——

1

71

T
:f)’LhWO,hdx"'3fv)’l,hvwo,hdx
Q Q

T1
T T
= YiuMnwon + 3}’1,/11411 W0,

In order to represent the discrete state equation (3.26)) by a system of equations, we also need to calculate

r(we) :=f WU(O)du0+f W du.
o} e

c

Due to the implicit discrete structure of the controls (ug, ), we can define &t € V; X V. with [@];x = u;;x and

[uonlj = ujo for j € Ij, and [ug]jx = uji for (j,k) € .. Then we have

N, N.—1

(Py + Do) (o s ) = Z Z ujxdy, ® 6, € W,
=1 k=0

with u;; = 0 for (j,0), j ¢ I, and (j,k) ¢ Z-. Since w,(0)lg, € Vi, = U; and wylg, € Vo = U, we get

r(wg) = Z ujow;o + Z UjpW g

Jjeln kel

= (D + Do) (o p, Ue), W) we w, -

For the remainder of this section, we identify elements from Y, and ‘W,, with vectors in R¥, N, := N, - N; and
elements from U, and U, with vectors in R"# and R¥<!, respectively. The discrete elements can be expressed via
their respective expansion coefficients. To simplify the notation, we define yx := (1.4, ..., yn,x)" € R¥ and write
Yo =07, .. ,y;,T)T € R . Analogously, we define wy fork = 0,...,N; — 1.
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3.3. VARIATIONAL DISCRETIZATION 35

We represent the discrete state equation by the following (N, X N, )-matrix:

(M + S-Ap) 0 0
(=M, + 5Ap) (M) + FAp)
L= 0 (3.50)
: . . 0
0 0 (—=My+ 25 A (My+ 3-Ap)

We point out that L7 is in fact the operator L. concatenated with the space-time mass matrix that maps from
LP(Qp) to (L1(Qp))*, which is an important detail for the implementation. A representation of L, also concatenated
with a space-time mass matrix, is the matrix £ = (L7)7. If we now actually want the representative of L,w,, it is
necessary to multiply with the inverse of the space-time mass matrix M.

Furthermore the embedding (&, ® @) : W, — (V;, X V), defined in and (3.28)), can be represented by a
restriction matrix:

. RN Thl+11
Ry +Rs) : RY — Rl k¥l ‘7 Wo ((W(),j)}—e_rha (Wj,k);l},k)ejﬁ)-r-

From duality we conclude that (®@,®®,)* can be represented by (R, +R,)", such that L7y, = (R, +R(T)T(u(1 U
is the matrix vector formulation of (3.26).

We equivalently reformulate the constraints (3.49) in[P]using (3.29) and (3.30):

max [w;o| <f and max |wjxl < a,
Jeln (ikel s

& max{w;o,-wjo}—B<0 and max {wiy,-wj;}-a<0.
Jeln ’ kel
We now formulate linear inequality constraints that are equivalent to (3.49). All inequalities are strictly fulfilled
for w, = 0, thus w, = 0 is an interior point of the feasible set and thus the Slater condition is satisfied (see
Definition [2.29)). We discretize the desired state by sampling it on the dual time grid:

Nh N‘r

Ydo = Z Z)’d(xj,(tk—l +1)/2)ex, ® xi € Yo (3.51)

j=1 k=1

By doing so, we assume that yq has a certain minimum continuity. However, discretization by local averaging
is also possible. If we make sure that yg, — yq for |[o] — 0, then using y4, in instead of y4 does not
interfere with the convergence result Theorem We proceed by setting up the corresponding Lagrangian .
with multipliers A0, 1@ € R+l and A®, 1® € RV

1 B _
L We, AV, 2,23 AW = ]—7||M(,‘1:w(r||" + (M LW, Yaord e 1900

LP(Qn)
1 2
+ Z /l;.,k)(wj,k —a) + Z /l;.,k)(—wj,k —a)
(ik)els (kels
3 4
2 0 wi0-p + D A w0 - B).
jeIn JE€Ln

For the sake of simplified numerics, we use a lumped mass matrix approach for computing K,(w,), where w, is a

vector, i.e., with a slight abuse of notation, we employ

Ny N:
-1 . -1
MG Lol 0, = D D IMG Lwe) il w; 7,
j=1 k=1
Ny N:

(M Lo, Yaord oo = Z Z(M;lﬁwg)j,k)’d(xj, ) w; T,

=1 k=1
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where w; = fQ ey,dx. We also use a lumped mass matrix approach for ML

We can now form the optimality system using the Karush-Kuhn-Tucker conditions (see Theorem [2.30). Since
the Slater condition is satisfied, the Karush-Kuhn-Tucker conditions state that at the minimum w,,, there must be
AW AP A3 4@ the partial differential % of % at the point (W, AV, 1, A®, A®) has to vanish and that the

following complementary conditions have to be fulfilled:

0 (_Wik _0 9 Wik , .

/lj’k((_l)(i_]) ~a)=0, A% >0 and (m —a)<0 Y(jik) €Ty ie{l,2), (3.52)
W Wi _ 0} W0 . .

A (—(_1)@_1) -B)=0, A >0 and (—(_1)(i_1) ~B) <0 VjeIjici(34). (3.53)

Lemma 3.13. The following conditions are equivalent for A, g € R and an arbitrary « > 0:

max {0, 1 +«g}—-1=0 (3.54)
& g=0 A 2120 A g<0 (3.55)

Proof.

”

="
Let (3.54) hold. This directly leads to 4 = max {0, 4 + kg} > 0. Next we will look at the two possible cases.

1% case: max {0, A +«g} =0

A=max{0, 1+«g}=0 = Ag=0

max{0, A1 +«kg}=0 = «xg<0 = g<0
2" case: max {0, A+ kg} = A +«kg

A=max{0, A +«g}=A+kg = kg=0 = g=0 A A4Ag=0
N<= H:
Let (3.53)) hold. We will also look at two cases here.

1*" case: g =0
(A=0)
max {0, A +«kg} — A=4-41=0

2" case: g < 0
From Ag = 0 we can immediately conclude that A = 0. And thus:

max {0, 4 + xg} — 4 = max {0, xg} = 0.

Using this Lemma we can express (3.52) - (3.53) equivalently with an arbitrary « > 0 for all (j,k) € 7, and j € T},

by the following equations:

lek) ‘= max {O, /l(lllz +k(Wjx — a/)} - /l(/lk) =0,

szk) ‘= max {O, /15213 + K(—Wj,k - a/)} - /lizk) =0,
3 3 3

N;.) =max{0, /l(j)+K(Wj,o—/3)} _/l(j) =0,

N := max {0, /l(].4) +k(=wjo —,B)} - /13.4) =0.
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We define -
F (W, /1(1)’ /1(2)’ /1(3)’ /1(4)) — (% NDO NO O N ¢ RNo+20Lo1+HT1D
ow,
containing the left sides of  our optimality system and solve the equation
F (Wer, AV, AP 13 1@y = 0 by a semismooth Newton method (Algorithm. In this algorithm we need to choose
the matrix to be used in the semismooth Newton equation from the set of matrices denoted by Clarke’s generalized

Jacobian (Definition [2.3T), which we repeat here:
1. (x) := conv {M - xk piieg x, F'(x*) — M, Z differentiable at xk}

Here, a choice has to be made for the numerics since the generalized Jacobians of N9 i e{1,2,3,4) need not be

singletons. This is due to the max-functions and because we have

0, if g(x) <O,
d,(max{0, g(x)}) = { conv {0, d,g(x)}, if g(x) =0,
d:g(x), if g(x) > 0,

for every differentiable scalar function g(x).

Here, we make the decision to always choose d,( max{0, g(x)}) = d,g(x), if g(x) = 0. Using this, we define:

>rL PrL PrL PrZL Prg
PwE 0w 0dD w01 w013 Ow,00@)
oGm0 00
DF:=| 22 g o 0 0 |ed'7, (3.56)
4 4
e 000 gg

for the semismooth Newton method. To specify the non-zero entries of D.%#, we first look at the derivative of ¥

by w, in direction ¢:

oL 0 | I » » pL&) 1@
M(‘l’) = M(@(;IIM(, Lwellipo, +<M(, .£W(r,yd,o'>Lp(Qh),Lq(Qh) ol e

A (1@
= -1 P-2( AL -1 -1 _
= |, W Lol 2 MG L) MG L) ded + (M Lo2ya0) o000 [ﬂm) [ﬁ(z)].

We then can apply product rule to obtain the second derivative of .Z by w, in direction (¢, £):

az;z(d) é) = f i(f)(l/\/t“zw [P2) (MG Lwe )M L) dxdt
Pwr 0, Mo o o = e

+ IM;‘LWUW"”£(§>(M;'ng>(m;'z¢)dxdt
On o

=(p-1 | IMILw, [P 2PM LM L) dxdt.
On

The remaining four blocks in the first row are

2

G2 =( 0 ] € RUTHHTANT,|
e T

2

vz =( 0 ) € RUTHHIANT,|
(9w(,8/1(2) _]I\IH
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>

Ow, 013

>

MWgdA®

0

[]Ium) € RUHHINT

(_]Ifh] € RUHHIZAXL

0

where by [[y| the identity matrix of size N x N is denoted. Next we move on to the other blocks in the first column.

we observe the sparsity structures

(D (2)

(9Nj,k (9Nj’k o

Fv— :(9w1 =0 ,ifj#lork#m,
Im m

oNO N

o :(9w =0 ,ifj#lor0+m.
Im Im

The non-zero elements are the following

(1)
ON 1o,
ow ik K,
N _ o
ow ik - —K,
8N§3) 0,
ow .0 B K,
6N§.4) 0,
ow 7.0 B —K,

Finally, we specify the remaining blocks on the diagonal

if /l(jllz +xk(wjx —a) <0,

else.
if /1(12]2 +k(=wjx —a) <0,
else.
it A9 + k(wip—B) <0

j 7,0 5
else.
if 27 + k(=wjo = B) < 0,

else.

(i) .
INZ for i €

FY0) {1,2,3,4}. Again we observe a sparsity

structure, i.e. only the diagonal entries of the matrices will be non-zero. So it suffices to characterize those:

N -1,
(9ka) -1,
oND [,
NG (1,
o4 " o,

if ﬂyg +k(wjx — @) <0,
else.

if /13.2,3 +k(-wjx — @) <0,
else.

if A_(f) + k(w0 — ) <0,
else.

if 13,‘” +k(-wjo—fB) <0,

else.

An interesting observation is that for x = 1 we have a symmetric matrix on the active sets.

We want to remark that we could follow [[T4] and employ Fenchel duality to recover a problem in the variable .

However, this would require to add the representation of the adjoint from (3.11)) to our optimality system. As p > 2

the exponent Iﬁ is strictly smaller than 1, which is problematic for derivative based methods and was our main

motivation to use the Fenchel duality approach in the first place. Instead, we solve for the optimal adjoint w, and

recover the optimal control (i s, i) through the discrete version of (3.13):

(Ru + Ro) (g, 1)) " =

LTIM Livg P72 MO Ly + o). (3.57)
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One could come to the conclusion that this is problematic since (R, + R,)" is in general only injective, not
surjective. But the expansion coefficients it ;o and i ;; of the discrete solution (iig s, it-) have to vanish anyways for
Jj & Iyand (j, k) ¢ I, (see (3.31))). So the remaining coefficients have merely to be read off.

3.4 Discontinuous Galerkin discretization

This section deals with a full discretization concept of (P), namely discontinuous Galerkin discretization, which
is suggested in [20]. The discretization strategy will be adapted to our setting and notation. Also a convergence
result for the fully discrete problem analogous to Theorem 3.2]is proven in [20].

We use the discrete spaces Y, Y, Uy, as introduced before in (3.24)), (3.23), (3.32)), respectively and the space-
time discrete control space:

Upg = span{d,, ® i : j€ L),k e I}, I, ={k:IcL).

In [20]}, an implicit Euler time stepping scheme is used for the discrete state equation. For y, € Y, and for every
k e {l,...,N;}, we define y;, := yols, € Y5 Let (uop, us) € Uy X Upg be given and z;, € Y, arbitrary. Then the
following equations form the discrete state equation:

Ok = Vet 2wy + T Joy Vs Van dx = fQ (zn ® xi) due, kefl,....Ne}, (3.58)

Yo,n = Y0h»

where yo, € Y, is the unique element satisfying:

Yons Zndiz = f
o

Here (-,-);» denotes the scalar product in L?(2). We denote the solution of the discrete state equation (3:38) by

Zn duo,h Yz, €Yy (3.59)

c

v (Uon, U ), and define the discrete objective function

1
Jpc(uon, ) = 7 1o (uton, th) — yd”Zq(Qh) + alluglipmg,) + Blluonllpmea,)-
This allows us to formulate the following discrete optimization problem

<u(,,,,uf>1§i£x oo Jpac (uon, Us ). (Ppc)
Similar to [I4], we set up the system matrix for the discrete state equation. One difference that we need to
consider is up;, # 0. This leads to N, further degrees of freedom for the state and also to N, additional columns
and N, additional rows in the system matrix; see Chapter 12] for further details. With the mass matrix
My, = (ley;, exk))y,t: , and the stiffness matrix A, = ( fg Ve, Ve, dx)i’,’éz ,» the left hand sides of (3.58) and (3.59) can
be encoded into the following matrix of size (N, + Nj) X (Ny + Np):

M, 0 0
-M;, M+ 1A,
Lyg = 0 -M, My + 1A,
: 0
0 0 ~My M+ 1y A,
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As in Section[3.3] this matrix represents the state-to-control-operator concatenated with the space-time mass matrix

M. The representation of the adjoint state equation is Lpg = (L;)". With the discrete representations

Ny

Ug = Z Z Uji 6Xj ®)i € (L{DG and Zh = ZZZ €x € Y

jeIyiel, =1

and using that the “mass matrix” (3, ex,>)77:1 is the identity in RV*V, we obtain the following in (3.58):

T 2 ujkzj, ifke I,
f (zh ® Y1) dug =4 J&ln
Qe 0, else.

Analogously, with ug;, = 3 u;8,, € Uy, the right hand side from (3.59) turns into

J€Ln
Q,

¢ JEL)

Restriction matrices can be derived similar as in Section[3.3]to write the discrete state equation in matrix form.
This can be used to discretize (P)), leading to an optimization problem in the variable
Ni,Ne No+N;
wpG = (Wj»k j=h1,k:0 e RV
The setup for the fully discrete problem and the derivation of the optimality system are almost identical to the

procedures from Section[3.3} one only has to replace £ by Lpg and to keep in mind that the number of degrees of
freedom changes from N, to N, + Nj,.

3.5 Computational results

We numerically solve by a semismooth Newton method as derived in Section[3.3] To simplify, we fix uo = 0.
Therefore the condition || D (W, )|l o, < B in problem disappears and so do A® and A® in the Lagrangian .%.
The dimension of the optimality system is reduced accordingly since N® and N do not have to be considered.
For the discontinuous Galerkin discretization from Section 3.4 of problem (P¥)), we proceed similarly. Furthermore,
the first row and column of L, can be eliminated here.

In this section all variables are specified as their discrete representatives, hence we omit the indices. As our
domain for both examples, we choose 2 = (0,1) c R, I = (0, %), and the relatively compact Lipschitz domain

13 15
O, .:(Z’Z)X(Z,Z)CCQ:QXI'

We assume an equidistant mesh, consequently every cell is of size 7- h. We setk = 1 and g = %‘, so that p = 4.

Let us remark that p > 2 can lead the the matrix D.% (w,, 1) being singular. The cause of this trouble is the
P PrL
LP(Q) w?

is not pointwise bounded away from 0. We circumvent this problem by adding a suitable multiple of the residual
[|.% ]| M, to the diagonal entries d;; of the second derivative of z llj ||z||i,,( 0) S it is well-known (see, e.g., ),
such a regularization does not deteriorate the convergence rate of Newton’s method.

second derivative of 7 % [Iz]| it appears as central building block of and is nearly singular whenever z

In particular, we find the following setup to be suitable: p = 0.1, r = min(1, 10 * residual) and

_dl.zi+d,-,--p+r~p
S T

dii+p

The choice for r delivers a smaller regularization for decreasing residual in the Newton’s method.
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Control Associated state Desired state

1.00

0.75

Figure 3.1: Numerical setup on 4 X 12 space-time grid with ¢ = ‘3—‘. From left to right: control u = 8(1/2,1/2),

associated state y(u) (sampled from the analytic solution with spacial Fourier modes - for more details see Ap-
pendix , and discrete desired state yq.

The purpose of our first numerical example is to illustrate the differences between variational discretization and

discontinuous Galerkin discretization. Therefore, we use a relatively coarse space-time grid with 7 = % and

T = % = é We generate a discrete desired state yq by setting yq = y(u) = L™"®*(u) for the measure control
u = day2.1/2); afterwards, we discretize yq according to (3.51)), where we utilize a truncated Fourier expansion in
order to evaluate yq on the points (x;, (-1 + #)/2). Consequently, this problem is a source identification example

that inherits sparsity.

If the penalty parameter @ equals zero, the only admissible point for the predual problem is w = 0. Hence,
(3:57) shows that in this case the optimal discrete controls u,o and upg for the two discretization approaches

can be calculated by applying the discrete heat operator to y4. This is meaningful since, for @ = 0, the only term

q
L1(Q)

are the solutions to (P)) and (Ppg) for @ = 0 with the chosen y4. Due to the different discretization approaches the
calculated controls differ, which can be observed in Figure[3.2] As a consequence of the discretization error in yg,

remaining in the objective functional is the tracking term $I|y = vl In this sense the controls u. and upg o

we are not able to reproduce u exactly in either case.

(P,), =0 (Ppgh, =0
1.00

0.75

025 1.00 @@

Figure 3.2: Numerical setup on 4 x 12 space-time grid with g = %. From left to right: calculated controls u, and
upc, for @ = 0. Here the controls are represented by their coeflicients. In the case of piecewise constant controls
in time, which are used in the discontinuous Galerkin setting, this leads to coefficient values, which are scaled
with 1 =8,

T
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To identify the source location, we raise the penalty parameter a because this will lead to a decrease in the norm
of the control and we expect a smaller support. The influence of @ can be observed by plotting the norm of u, 4
and upg,, respectively for a range of a. For each i € {0, DG}, there exists a value @;, such that for all @; > @; the
optimal control corresponding to y4 . 1S u; o, = 0. Additionally it is interesting to look at the values of ||y; o — yallz+3
for i € {o, DG} and various values of @; we plotted the dependences in Figure[3.3|and Figure [3.4]

According to our expectations, the control norms are monotonically decreasing in a and eventually go to zero,
while the errors in the tracking terms |[y; o, — yallz+s grow. The graphs for both strategies look very similar. This

makes perfect sense, as we discretize the same problem and both discretization strategies converge towards the true
solution.

—— DG —+— VD

lleti om0,

12}
1.0f
0.8}
0.6
0.4}

02}

1078 107° 1074 0.001 0.010 0.100 1

Figure 3.3: The dependence on the penalty parameter « of the measure norm of #,, and upgq-

—— DG —+— VD
lyie = yallzaco)
081

0.7 *
0.6 *
0.5 *
0a

0.3}

0.2}

0.1}

107° 1074 0.001 0.010 0.100 1

Figure 3.4: The dependence on the penalty parameter @ of the errors y,, — ¥4 and ypg,e — Y4 in the L*3 norm.
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For further comparison of the two discretization strategies, we choose a value of « that leads to a norm of the
controls, that is neither zero nor maximal. For @ = 0.456, the reconstructed controls and states are displayed in
Figure Here we see that the measure norm values [[ugqllpg,) = 0.6610 and |lupg iy, = 0.6692 both differ
from the true value ||u|| 5y p,) = 1. Furthermore we observe that supp(us.o) = {(%, % } and supp(upg.e) = {%}x(%, %],
where the first coincides with the support of # = 8(1/2,1/2). The control in the discontinuous Galerkin discrete setting
can also be represented by a Dirac measure. In order to do so, it has to be multiplied by 7 and the location of the

measure in the time interval has to be chosen.

Setup with @ = 0.456 (Ppg) with a = 0.456

1.00 1.00 8.0

0.75

1.00

0.25

Figure 3.5: Top row: The measure control and the optimal controls us 0456 and upgoa4s6. Bottom row: The
associated state y(u) (sampled from the analytic solution with spacial Fourier modes - for more details see Ap-
pendix @) and the associated states y,0.456 and ype.0.456-

If the control u is not located on our space-time grid, it will be impossible to reproduce its support exactly. In the
variational discretization approach a remedy might be choosing a test space ‘W, consisting of piecewise quadratic
— or even higher order — functions in time. Thereby the maximal values of the test functions +a could be attained
not only at grid points, but also inside the time intervals. Determining the location of these maximal values would
mean to determine the exact position in time of the potential support of the control. This will be part of further

research.

Our second numerical example aims at visualizing the convergence properties from[3.2]and [20 Theorem 4.3.] for
|o| — 0. Utilizing Fenchel duality, we can generate a discrete desired state yq from a chosen true solution uy. for
chosen @ > 0. From (3.13), we deduce:

Vi = L7 D Uy — 1Ll Lwg.
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We set ugue = O(1/2,1/2) and the associated state yyue = y(Uyue) Sampled from the analytic solution with spacial
Fourier modes (for more details see Appendix [A.3). Furthermore, we take wg, such that ws(1/2,1/2) = —& and
for all other values (x, f) € Q. it holds |wa(x, £)| < @. For example, with & = %, this is fulfilled by

wa(x, 1) = —%(((r - 0.5 - 1)*((2x - 1)’ = 1)’).

In the following we fix @ = @. The setup is visualized exemplary on an equidistant 4 x 48-grid in Figure [3.6|

True control Associated state

1.00

0.75

Desired state

0.35

0.30

Figure 3.6: Numerical setup on a 4 x 48 space-time grid with ¢ = ‘31. From top left to bottom right: true con-

trol ugue = 8(1/2.1/2), interpolation of the associated state y(uuy,e), adjoint state ws; multiplied by —1 for easier
visualization and desired state y4 calculated using Fenchel duality.

For both discretization strategies, i.e. i € {0, DG}, we have the following convergence properties:
lim ||uillpeo.) = llu 5 and lim |ly; - =0.
o1 I t”M(QC) [ true”M(QC) o1 lyi = Yirwellzac)

Inwe log-log-plot the errors | ||u;|| pmg,) — tttruell pico,)| @0 11Yi = Yirvellza), © € {0, DG} versus the gridsize . The
proven convergence properties can be observed, as the errors go to zero for 7 — 0, which is equivalent to |o| — 0
since 7 is always linked to A. It is interesting to mention that in the variational discrete setting, oscillations in the
state y, occur for small gridsizes, where 7 = g This is caused by the Crank-Nicolson-like scheme. Nevertheless,
we see convergence also in this case.

We calculate the convergence order i for the refinement from some gridsize /1, to some other gridsize h,, see
Table and Table Here, we write ||-|[ as short notation for |- || g, Furthermore, in the table, we round the
values of /; and h; to 4 digits after the comma. In computations we used negative potencies of 2 for the gridsize A.
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_h _ 2
T=3 T=73

|||Mi||M(QL.) - ”utrue”M(QL.) | | ”ui”M(Q(.) - ”ulrue”M(Q() |

10°

—w—DG

o(h) o o(h)

10-3 | | 2 1
1073 1072 10 10° 107
h h

lyi = Yiruell o 1yi = Yirell g4
:

—w—DG

o)

1073 1072 107!

Figure 3.7: Top row: The difference of the measure norms of the true control u,. and calculated optimal control

u;, i € {o, DG} for r = g (left) and T = % (right). Bottom row: The L*3-norm of the difference of the associated

states y; — Yirue, I € {0, DG} for 7 = ’51 (left) and 7 = %2 (right). We remark that for 7 = g

available, so we display a wider range of & values on the x-axis.

we have more data points

We observe many similarities in the derivation of the algorithms to solve the discrete problems. The implemen-
tation and the level of difficulty in programming is comparable for both approaches and we also observe similar
iteration counts. The main advantage of the variational discretization compared to the discontinuous Galerkin dis-
cretization is the maximal discrete sparsity of the control achieved by choosing suitable ansatz and test spaces in
the Petrov-Galerkin scheme.
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h hy | Hlvplip = el ] | Hlepcliage = lwellae] | 1y = yiellzos | ype = Yiruellzss
0.25 0.125 0.6083 0.5020 0.9067 0.8240
0.125 0.0625 0.7568 0.6660 1.0974 0.9014
0.0625 | 0.0313 0.7338 0.8123 1.0577 1.0289
0.0313 | 0.0156 0.8539 0.8548 1.1645 1.0702
0.0156 | 0.0078 0.8531 0.8426 1.1351 1.0435
0.0078 | 0.0039 0.8764 0.8596 1.1100 1.0345
0.0039 | 0.0020 0.8931 0.8745 1.0780 0.9434
0.0020 | 0.0010 0.9083 0.9092 1.1892 1.0299
mean 0.8105 0.7901 1.0923 0.9845
slope of best fit | 0.8196 0.8075 1.1020 1.0006

Table 3.1: convergence order (potency of gridsize &) of the respective errors when the grid is refined from gridsize

h; to gridsize h; in the case 7 = %

h hy | Hlevplip = el ] | Hlepcliavg = lwellae || v = yiellzos | lype = Yiruellzss
0.25 0.125 0.5068 0.4744 0.9983 0.9792
0.125 0.0625 0.6485 0.6132 1.0670 1.0437
0.0625 | 0.0313 0.8005 0.7923 1.1796 1.1655
0.0313 | 0.0156 0.8223 0.8260 1.1973 1.2015
0.0156 | 0.0078 0.8478 0.8491 1.2084 1.2114
mean 0.7252 0.7110 1.1301 1.1203
slope of best fit | 0.7355 0.7218 1.1361 1.1258

Table 3.2: convergence order (poteglcy of gridsize h) of the respective errors when the grid is refined from gridsize

h; to gridsize h; in the case 7 = }’7
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Chapter 4

Parabolic optimal control governed by

bounded initial measure controls

This chapter is based on article [46]] with the title "Variational discretization approach applied to an optimal control
problem with bounded measure controls".

The plan of this chapter is as follows: We state the optimal control problem in Section /.|, analyze the
continuous problem, its sparsity structure and the special case of positive controls in Section Thereafter we
apply variational discretization to the optimal control problem in Section [4.3] Finally in Section 4.4 we apply
the semismooth Newton method to the optimal control problem with positive controls (Subsection 4.4.1) and to
the original optimal control problem (Subsection [4.4.2)). For the latter we add a penalty term before applying the

semismooth Newton method. For both cases we provide numerical examples.

4.1 Problem formulation

We consider the following optimal control problem which was analyzed in [21]):

. 1
min J(u) = Slyu(T) = Yalljz gy (Pa)

uel,

Here let y; € L*(Q), and U, = {u € M(Q) : |jull Mm@ < a}, where M(Q) denotes the space of regular Borel

measures on 2 equipped with the norm

lullpa) = sup fQ ¢(x) du(x) = [ul(€).

H‘//‘”C((})S 1

The state y, solves the parabolic equation

Oyu +Ayu =, inQ=0x(0,7),
yu(x,0) =u, in O, 4.1)
Owyu(x,t) =0, onX =TI x(0,7),

where f € L'(0, T; L*(Q)) is given, Q ¢ R"(n = 1, 2, 3) denotes an open, connected and bounded set with Lipschitz
boundary I' = 99, and for the remainder of this chapter, let A be the elliptic operator defined by

Ay, = —aly, + b(x,1) - Vy, + c(x, Dy, 4.2)

with a constant ¢ > 0 and functions b € L*(Q)" and ¢ € L*(Q).
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The state is supposed to solve (4.1) in the following very weak sense, see e.g. Definition 2.1]:

Definition 4.1. We say that a function y € L'(Q) is a solution of if the following identity holds:

f(—&,q& + A%@)ydxdt = f fodxdt + f ¢(0)du VY¢ed, “4.3)
0 0] Q

where
O:={pel*0,T;H(Q): -0+ A*¢p € L°(Q), 0,6 =0 0on Z,¢(T) = 0 € Q}

and A*@ = —aAp —[div[b(x, 1)@] + c@ denotes the adjoint operator of A.

The existence and uniqueness of solutions, in the sense of Definition4.1] to the state equation (4.1), which is a
deep result from the theory of diffusion-convection equations, has been proven in [21] Theorem 2.2].

4.2 Continuous optimality system

In this section we summarize properties of (P,), which have been established in [21]]. For completeness we also
give the corresponding proofs. To begin, we repeat the following result from [21} Theorem 2.4]:

Theorem 4.2. Problem (P,) has a unique solution ui € U,
To prove existence we will need a convergence result, given in [21} Theorem 2.3]:

Lemma 4.3. Let (i), € M(Q), so that uy Lue M(D) with {yr}x and y the associated states, respectively. Then,
i = y € L0, T; WP(Q)) (for p,r € [1,2) with % + % >n+1)and

Hm lye = Mlean.rizzen =0 Vio € (0,7).

In particular, the convergence yi(T) — y(T) € L*(Q) holds.

Proof. (of Theorem[.2)

First, we prove existence of a solution. Let {u}; ¢ U, be a minimizing sequence, such that
lim J(u) = inf J(u) =: 1.
k—o0 uel, -

Due to J > 0 we have ] > 0 > —oo. We observe that U, is bounded in M(Q). Furthermore, for any weakly*
convergent sequence {vi};, C U, with v Syve M(Q) we have

Mm@ = sup ffdv = lim sup ffdvk = klim IVellpmeo) < @,
Q Q —00

Iflle@<1 k=00 fllp)<1

and hence U, is also weakly*-closed in M(£). Then, from Banach-Alaoglu-Bourbaki Theorem (see e.g.
Theorem 3.16]) we have that U, is weakly*-compact. It follows that any minimizing sequence is bounded in
M(Q) and any weak” limit resides in U,. From Lemmawe get

Uj BN u € M(Q)
=y, (1) >y €LXQ).

So, by taking a suitable subsequence {u };» and from weakly lower semi continuity of J we have
J<J@) < likrln inf J(up) = k!im J(up) = I}im J(u) =1,

S0 i solves (P,)).
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Let us remark that indeed it is not necessary to argue with weakly lower semi continuity of J, since we have that
{yu (T)}, converges strongly in L*(€).

Secondly, we prove uniqueness of the solution. To this end we assume there exist two solutions to (P,)), namely i,

and i, € U, with associated states y; and y,. Assume y;(T) # y,(T), then for 1 € (0, 1):

1
JQiy + (1= Diz) = Sy (T) + (1 = ) 52(T) =yl

1 _ 2 1 — 2
< SAFD) = yull g, + 51 = DIFAT) = vallg
= AJ() + (1 =) J(inn)

= J(iy),

where we use the convexity of U,, the strict convexity of J and the fact that it; and #, are solutions. The above
inequality then contradicts #; being a solution, hence we deduce that in fact 3,(7") = y,(T) must hold.

Now, set § = y, — y; and let #y € (0, T') arbitrary, then one can see by elementary calculations

¥(x, 1) = 2(x, 1) Yt € (to,T),
t—1
where z satisfies
Oiz+Az =3, in QX (t,T),
wx,t9) =0, inQ,
Onz(x,1) =0, onTI X (¢, T).

From Theorem 2.2] we know that in this setting j € L*(ty, T; L*(Q)). Therefore, z € L*(ty, T; H'(Q)) and

Oiz—alAz =y+g, in QX (ty, T),
2(x, to) =0, in Q,
Ounz(x,t) =0, on I' X (9, T),

with g = —b - Vz — cz € L*(tp, T; L*(Q)). We define
D(A) = ¢ € H'(Q): Ap € L(Q) and 8,6 = O on T}.
From standard results on evolution equations (see e.g. [[68] pp. 113-114]) we infer that
2 € C(lto, T1; H'(Q)) N L (10, T; D(A)).
Since we have z(x, 1) = (¢t — 1o)¥(x, 1), we get
yeC([6, T H(Q)NL*S,T;D(A)  Vig<6<T.

We have chosen 7y € (0,7) arbitrary, therefore the above regularity of y also holds for arbitrary 6 € (0,7).
Furthermore, since y satisfies the state equation (4.1)), for almost every ¢ € (6, T), we have

10:3(1) — aAy(Dll2(0) = 16() - V(@) + c(O)IDllr20) < CIYOla1 (),
for a suitable constant C € R. By definition of § we have

(T) = 32(T) = yu(T) = 0.
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So, from backward uniqueness of the parabolic equation Theorem 1.1] we conclude that 3(r) = 0 for all

t € [0, T]. Since we can take ¢ > 0 arbitrarily small, we even get
¥y =0 VYt e (0,T].
Take r = 1 in Lemma[4.3|to get
§eL'(0,T; W'P(Q))  for2+ g >n+ 1.
The condition on p and n can equivalently be formulated as p < ;5. We also have
95 = f - Ay € L0, T; WH(Q)"),

where % + é = 1. Together, we infer that y : [0,7] — Wh4(Q)* is continuous.
Finally, this gives
o = = 52(0) = 51(0) = 5(0) = lim5(1) = 0.
So, 1) = i, and we can conclude uniqueness of the solution. m]

Let # be the unique solution of with associated state y. We then say that
pe >0, T;H'(@)NnC (Q x [0, T]) is the associated adjoint state of i, if it solves

-0ip+A"p =0, in Q,
@(x, T) =yx,T)=ys,  InQ, (4.4)
an@(-x9 t) = 09 on E.

We recall the optimality conditions for from [21} Theorem 2.5]:

Theorem 4.4. Let it be the solution of (Pg) with y and § the associated state and adjoint state, respectively. Then,
the following properties hold

L Iflalpmo) < @, then (T) = ygand g =0 € Q.

supp(i*) € {x € Q1 §(x,0) = ~[I@(O)llc) s
supp(ii”) € {x € Q1 §(x,0) = +I@(O)llc) s
where i = " — it~ is the Jordan decomposition of i.
Conversely, if it is an element of U, satisfying 1. or 2., then u is the solution to (Py).

For completeness we will recapitulate the proof. In order to do so we give the following helpful results from [21}

Lemma 2.6 and Lemma 2.7].

Lemma 4.5. Given u € M(Q), the solution z, € L' (0, T; W'"P(Q)) (for p,r € [1,2) with % + % >n+1)to

0iz+Az =0, in Q=02x(0,T),
2(x,0)  =u, in Q, 4.5)
Ouz(x,t) =0, onX =Tx(0,T),

satisfies

f()_’(T) —ya)zu(T)dx = f 2(0) du.
e o
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Lemma 4.6. For every € > 0 there exists a control u € L*(Q), such that |[y.(T) — v4l| 2@ < €
We are now equipped to prove the optimality conditions.

Proof. (of Theorem 4.4)
Let u € U, arbitrary and denote by z,_z the solution to (4.5), where u is replaced by u — &. With Lemma[4.5|we get
S+ pu—u) - J@)
m

li
N0 P

- f G(T) = ya) zual(T) dx = f 5(0) d(u ).
Q Q

Now, (P,)) is a convex problem, therefore we have the following necessary and sufficient optimality condition for

the solution iz € U,:
f@(O) du—n)=J @) (u-it) >0 Yu € U,, and thus
Q

—f@(O)du s—f@(O)dﬁ Yu € U,.
o o

We can take the supremum over u € U, and get

@ leO)lle@) = sup —f¢(0) du = —fsb(o) dit.

uel, Q Q

If ||l py@) = . this identity is equivalent to

_@(0)du, (4.6)
fo)

llal p1) leOlle@) = =

S

which in this case forms a necessary and sufficient optimality condition. Similarly to Lemma 3.8 we can conclude
part 2 of the claim. Conversely, for i € U, that satisfies part 2 of the claim, we can derive the equality (4.6)), which
shows that i solves indeed.

We now consider the case [|i||pyp) < @. For ¥(T') = y, we have J(#1) = 0 < J(u) for all u € U,, since J is
non-negative. Consequently # is the solution to (P,).

Assume that iz solves and ¥(T) # y, holds. From Lemrna we get the existence of an u € M(Q) with
J(u) < J(@). Since & solves (P,)), we conclude that u ¢ U,. Now take A € R, such that

[ —llallpye
0<A< mm{ﬁ, 1
||M—u||M(f2)

Define v := &1 + A(u — @1). It is easy to confirm that v € U,. Furthermore, by convexity of J we have
JO)=JAu+(A-Du) <A Ju) +(1 -2 J@) < J@).
——
<J(@r)

This is a contradiction to the optimality of i, so if & is a solution, it must hold that (T') = y,. Finally, from (4.4)
we get @ = 0 € Q and altogether part 1 of the claim. O

In some applications we may have a priori knowledge about the measure controls. This motivates the restriction
of the admissible control set to positive controls U} = {u € MH(D) : leell pyy < @}, with [lull py) = u(Q). We then
consider the problem

. 1 ,

where y, solves (@.1)).

51



52 CHAPTER 4. PARABOLIC OPTIMAL CONTROL GOVERNED BY BOUNDED INITIAL MEASURES

The properties of have been derived in Theorem 3.1]:

Theorem 4.7. (P:)) has a unique solution. Let i be the unique solution of (P7) with associated adjoint state .
Then, i is a solution of (P7) if and only if

f @(0)dii < f @0)du  VYueU:. 4.7
Q Q

If u(Q) = a the following properties are fulfilled:

1. Inequality (4.7)) is equivalent to the identity

f #(0)dit = ad = amin §(x,0), (4.8
Q xeQ

where A < 0.
2. wis the solution of (P7) if and only if

supp(it) C {x € Q : §(x,0) = ). 4.9)

For completeness we give the proof here.

Proof. Existence and uniqueness of solutions is proven analogously to the proof of Theorem 4.2 Furthermore, as
in the proof of Theorem we get that 7 € U} solves (P;) if and only if

J' () (u — i) = f@(O)d(u -u)>0 Yue U},
o)

which is equivalent to (4.7).
For the remainder of the proof we assume #(Q) = a.

First, we prove part 1 of the claim. It holds

ai:[g@(O)dusf@(O)du Yu e U,
Q Q

in particular for u = 0, so
- >0 -
al<0 = 1<o.

Furthermore, (4.7) is equivalent to
f @(0)dii = min f #(0) du.
Ie) uely Jo

Now, take x; € Q, such that

@(x0,0) = A := min @(x, 0).
xeQ

Then argmin, ¢+ fg #(0) du = ab,,, which in combination delivers

ad = f (0) dit
Q
= rrellljn fg #(0)du
= f @(0) d(ady,)
Q

= a@(xo,0)

= amin p(x, 0).
xeQ
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Since the inverse implication is obvious, the proof of part 1 of the claim is herewith complete. We move on to

proving part 2 of the claim and distinguish two cases to this end.

1% case: 1 =0

Then we have 0 = min 5 @(x, 0), so 0 < @(x, 0) for all x € Q. From (4.8) we have
L@(O) du=0 and thus supp(i) C {x €Q:@(x,0) = O} = {x €Q:3(x,0) = /_l}.
2" case: 1< 0
We define y/(x) := — min {¢(x, 0), 0}, which fulfills
0<y(x)<-2 and W llc@) = —A.
Now from we know

—f@(O)dus—fcp(O)dﬁsfwdu Yue U?.
o} 2 e}

In particular, if we insert u = ady,, where @(xo, 0) = A, we get

- f P(0)d(ady,) = —ap(x9,0) = —ald < ftﬁdﬁ.
Q Q
Due to [/l = —4 and |[itl| y( o) = « this gives
Wle@lllye < f v dii.
2
The converse inequality is well-known, so we have the equality
Y di.

||¢||C(Q)||ﬁ||M(Q) =

5

Now, (4.9) can be proven analogous to Lemma 3.8

It remains to see the converse implication. We have the non-negative measure # with #(Q) = @, so (#.7) is a direct
consequence of (4.9). ]

We also give the following remark combined from Remark 3.2 and Remark 3.3]:

Remark 4.8. While in Theorem we have ¥(T) = yq and = 0 € Q for an optimal control it with W(Q) < «,
this case is not a part of Theorem[{.7)

We denote by y the solution of (.1)) corresponding to the control u = 0 and by z, the solution of @#.3)). It holds
yu(T) = z,(T) + yo(T) and by weak maximum principle z,, > 0 € Q for non-negative control u. Let y; < yo(T), then

we have for any u # 0

1 1 1
J(0) = Slyo() = Yallpz(g) < 512u(T) = G = Yo(Mllpz(g) = 51uT) = Yalliz gy = I (W)

Thus, the unique solution to (Pg) is given by i = 0.

So even though w(Q) = 0 < a, there exist cases with 3(T) # yq and consequently  # 0 € Q.
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4.3 Variational discretization

To discretize problems (P,)), we define the space-time grid as follows: Define the partition 0 =1y < #; < ... <
ty, = T. For the temporal grid the interval [ is split into subintervals I = (t;—1,#] fork = 1,..., N;. The temporal
gridsize is denoted by T = maxo<<n, Tk, Where 7y = t; — tx—1. We assume that {I;}; and {K}}, are quasi-uniform
sequences of time grids and triangulations, respectively. For K € K}, we denote by p(K) the diameter of K, and
h = maxgex, p(K). We set Q;, = | ke, K and denote by Qj, the interior and by I, the boundary of Q). We assume
Q to be polyhedral and that vertices on Iy, are points on I". We then set up the space-time grid as Oy, := 2, X (0, T).

We define the discrete spaces:

Yy, := spanfe,, : 1 < j < Ny}, (4.10)
Y,

spanfe,, ®xx : 1 < j< N, 1 <k <Ny, 4.11)

where y; is the indicator function of [; and (ex,.) " is the nodal basis formed by continuous piecewise linear

functions satisfying ey (x;) = dij.

We choose the space Y, as our discrete state and test space in a dG(0) approximation of (4.1). The control space
remains either U, or U;}. This approximation scheme is equivalent to an implicit Euler time stepping scheme. To

see this we recall that the elements y, € Y, can be represented as

Yo = X, Yeh ® X

with ye, == Yol1, € Y. Given a control u € U, fork = 1,..., N; and all z; € ¥, we thus end up with the variational
discrete scheme
Ok = Y-t 22 + @tk [, VyenVan dx

+ ﬁk j;? b(x, t)Vyk,h Zn + c(x, t)yk,h Zh dxdt = flk j;) th dx dl, (412)
Yo,n = Yoh,

where yo;, € Y}, is the unique element satisfying:
on>2n)2 = th du Yz, €Y. (4.13)
Q

Here (-, -);> denotes the L>(Q) inner product. We assume that the discretization parameters i and 7 are sufficiently

small, such that there exists a unique solution to for general functions b and c.

The variational discrete counterparts to (P,)) and (P) now read

. 1
min Jo() = S uc(T) = ya [P (Por)
and |
1 — 2
min Jo () = 5o (1) = Yallpz(,), (Pyo)

respectively, where in both cases y, - for given u denotes the unique solution of (4.12)). It is now straightforward

to show that the optimality conditions for the problems (P,,) and (P ,) read like those for and (P) with the
adjoint ¢ replaced by ¢; - € Y, for given solution i, the solution to the following system for k = 1, ..., N;:

—(@rh — Qr—1p>20) 12 + AT fQ Vi1, Vz, dx

+ [, Jo = divbOs D@1 ) 2+ e i zndxdt = 0, (4.14)

PN, .h = PN;hs
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where z, € Y), and ¢y, € V), is the unique element satisfying:

(oN 1> 2012 = f Oao(T) = ya)zn dx Yz, € Y. (4.15)
Ie)

For details on the derivation of the optimality conditions we refer to Theorem 4.15| and Theorem [4.16] which will
be proven after introducing a few helpful results.

This in particular implies that

supp(ii*) C {x € Q 1 ¢a,5(x,0) = ~llpz,r (0)llo}, (4.16)
supp(ii”) € {x € Q1 9a,5(x,0) = +llpzr (0)lleo)-

Analogously for (P, ,), in the case u(Q) = & we have the optimality condition
supp(t) C {x € Q : gz,(x,0) = min gz -(x, 0)}.
xeQ

Since, in both cases, ¢; - is a piecewise linear and continuous function, the extremal value in the generic case can
only be attained at grid points, which leads to

supp(@) C {x;}%.

So, we derive the implicit discrete structure:
e Uy :=span{dy, : 1 < j < Ny},

where 6, denotes a Dirac measure at gridpoint x;. In the case of (P, ,) we even know that all coefficients will be
positive and hence we get

neU; = {21}2] Uy, :uj > 0}.

Notice also that the natural pairing M(2) x C(Q) — R induces a pairing between Y}, and Uy, in the discrete setting.
Here we see the effect of the variational discretization concept: The choice for the discretization of the test space
induces a natural discretization for the controls.

We note that the use of piecewise linear and continuous Ansatz- and test-functions in the variational discretiza-
tion creates a setting, where the optimal control is supported on space grid points. However, it is possible to use
piecewise quadratic and continuous Ansatz- and test-functions, so that the discrete adjoint variable can attain its
extremal values not only on grid points, but anywhere. Calculating the location of these extremal values, then,
would mean to determine the potential support of the optimal control - not limited to grid points anymore.

The following operator will be useful for the discussion of solutions to (P, ).

Lemma 4.9. Let the linear operator '), be defined as below:

Nj

T MQ) » U, c M(Q), T = Zax/ f e, du.
j=1 Q

Then for every u € M(Q) and ¢, € Y), the following properties hold.

(u, o) = (Tt @n) (4.17)

IThull iy < el pg)- (4.18)

These results have been proven in Proposition 4.1.]. Furthermore, it is obvious, for piecewise linear and
continuous finite elements, that Y,(M*(Q)) c Uy.

The mapping u — y,(T) is in general not injective, hence the uniqueness of the solution cannot be concluded.
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In the implicitly discrete setting however, we can prove uniqueness similarly as done in Section 4.3.] and
Theorem [3.12]

Theorem 4.10. The problem (P, ) has at least one solution in M(Q) and there exists a unique solution i € Uy,
Furthermore, for every solution it € M(Q) of (Poo) it holds Ypit = u. Moreover, if ¢n(x;) # @n(xy) for all
neighboring finite element nodes x; # xi of the finite element nodes x;j(j = 1,...,Ny), problem admits a

unique solution, which is an element of Uy,.

Proof. The existence of solutions can be derived as for the continuous problem, see [@ Theorem 2.4.], since the
control domain remains continuous. We include the details for the convenience of the reader.

The control domain U, is bounded and weakly-* closed in M(£2). From Banach-Alaoglu-Bourbaki theorem
we even know that it is weakly-* compact, see e.g. [0, Theorem 3.16.]. Hence, any minimizing sequence is
bounded in M(L) and any weak-* limit belongs to the control domain U,,. Using convergence properties from
Theorem 2.3.] we can conclude that any of these limits is a solution to (Py ).

Let &t € M(Q) be a solution of and it := Yot € Uy,. From (@.17) we have

Yuo =Yruos forallue M(D).

From this we deduce J-(&t) = J-(&1). Moreover (4.18) delivers

1l ey < et pgys

so i is admissible, since &t € U,. Altogether, this shows the existence of solutions in the discrete space Uj,.

Since the mapping u — y,,(T) is injective for u € U, - since we have dim(U;,) = dim(Y}), and J,(u) is a
quadratic function, we deduce strict convexity of J,(u) on Uj,. Furthermore {u € Uy : lullppy = Z?]L |u;| < a} isa
closed and convex set, so we can conclude the uniqueness of the solution in the discrete space.

For every solution #i € M(Q) of (Pa.o), the projection T is a discrete solution. Moreover, there exists only
one discrete solution. So we deduce that all projections must coincide.

If now @,(x;) # @n(xx) for all neighbors k # j, every solution u of has its support in some of the finite
element nodes of the triangulation, or vanish identically, and thus is an element of Uj,. This shows the unique
solvability of in this case. |

Remark 4.11. We note that the condition on the values of &y, in the finite element nodes for guaranteeing unique-

ness can be checked once the discrete adjoint solution is known. This condition is thus fully practical.

For we have a similar result like Theorem 4.10, which we state without proof, since it can be interpreted as
a special case of Theorem and can be proven analogously.

Theorem 4.12. The problem (P, ,) has at least one solution in M¥(Q) and there exists a unique solution it € U}
Furthermore, for every solution it € M*(Q) of (P, ) it holds (it = . Moreover, if gn(x;) # @n(xi) for all
neighboring finite element nodes x; # x;. of the finite element nodes x;(j = 1,...,Ny), problem (P, ) admits a

unique solution, which is an element of U,;.
Now, we introduce two useful lemmas.

Lemma 4.13. Given u € M(Q), the solution z,, € Y), to @12) with f = 0 satisfies

fg Guo(T) = ya)zuo (T dx = fg 600 (0) dt. @.19)

Proof. We take (@.12) with f = 0 and test with ¢, the components of ¢, , for all k = 1,..., N.. Similarly we
take (4.14) and test this with z;_y 5, the components of z,, -, forallk = 1,..., N;. Now we can sum up the equations,
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and since in both cases the right hand side is zero, we can equalize those sums. Furthermore, we can apply Gaul3’

theorem and drop all terms that appear on both sides. This leads to

NT
0= kZ](Zkh_Zk L Phh) — ;( G + Pk—1,h> Tk=1,1)s

N,
Z(Zkh»@kh) (2k- 1h790kh)+2(¢7kh,Zk 1) = (k1,15 Zh=1,1)s
=) )

N, No-1
Z(Zk B> Pih) — Z(‘th,Zkh)
=

= (2N, 1) — (P01 Z0,0)-

We have zy, s = 2u0(T) € Y and @o = ¢4,,(0) € Yy, so together with and we can deduce (#.19). O

Lemma 4.14. For every € > 0 and h small enough, there exists a control u € L*(Q), such that the solution y, ., of

©.12) fulfills
Yuo(T) = ydll2 o, <€ (4.20)

Proof. Let y,, be the Lz-projection of y, onto Y, and i small enough, such that

Yo (T) = yalliz@, < WVuo(T) = yaolliz@,) + IVao = Yalliza,) -
—_——————

<€

Let additionally 7 be small enough, such that the scheme has a unique solution. Then in every time-step we
obtain a system of equations, where the matrix is an isomorphism on Yj. Consequently the initial to final value
map yon - Yu(T) is an isomorphism. Since Y), C L*(Q;,) we can find u € L*(Q), such that

”yu,o'(T) - yd,(T”Lz(Qh) = 0’

which completes the proof. O

Finally, we give the discrete version of Theorem 4.4] and Theorem 4.7, Both are proven very similarly to the

continuous case.

Theorem 4.15. Let it solve (P, ) with ya s and ¢ the associated discrete state and discrete adjoint state, re-

spectively. Then for o small enough,
L ifllall ey < @, then yao(T) = ya and ga e =0 € Q.

2. if @l pyp) = @, then

supp(i*) C {x € Q1 9a,,(x,0) = ~llpar O)llc@))» (4.21)
supp(ii”) € {x € Q1 9a,5(x,0) = +llpar O)llc@))s (4.22)

where it = it — i~ is the Jordan decomposition of .

Conversely, if it is an element of U, satisfying 1. or 2., then u is the solution to (P, ).

Proof. Letu € U, arbitrary and denote by z,—z, the solution to ( with f = 0 and u replaced by u — ir. From

LemmaW4.13|we get

hm Jo’(ﬁ +P(u - ﬁ)) - Jo’(ﬁ)

lim . = [ Guntt) =000 T 5 = [ O dta= i,
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Since (P, ) is a convex problem, the following variational inequality is a necessary and sufficient condition for

optimality of a control & € U,:

f O d— ) = I @u—-) >0  Vue U,
Q

By taking the supremum over u € U, in the above inequality, we deduce

@ l0a,e(O)llg@) = sup f ¢ao(0)du = - f ¢ (0) du.
Q Q

uel,

Let ||| @) = @, then this is
llatl| el Ol = — f ¥u,o(0) dit. (4.23)
Q

We now may conclude as in Lemma [3.§] to obtain and (@.22). Also, if these conditions hold we get the
equality (4.23), which is a necessary and sufficient condition for optimality of i, so & solves (Py_o)).

Let us now study the case ||illpq0) < @ If yaos = ya, then J, (1) = 0 and since J,(u) > O for all u € U,, we
deduce that & solves . Now assume that & solves and y; » # y4 holds. Then we have J,(it) > 0. From
Lemma we know that for 4 small enough there exists an element u € M(Q), such that J,(u) < J,(i). Since i
is a solution to l) it must hold u ¢ U,. Now take A € R, such that

(4.24)

a— ||u 5
O<A<min{M,l}.

lloe = @l g )

Then v := &t + A(u — ) € U, and by convexity of J, we get

Jo(v) = Jo(Au+ (1 = D) < AJ(u) +(1 = DI () < J (i),
—_——

<Jo(it)

a,0

sothat it € U, can not be the solution of (P} ,). Hence y;, = y; must hold and from (4.15) we deduce ¢z, =0. O

Theorem 4.16. Let ii solve with associated discrete adjoint state ¢z . Then, i is a solution of (P},,) if and
only if
f Ono(x,0)din < f Ono(x,0)du YueU,. (4.25)
Q Q

If u(Q) = a the following properties are fulfilled:

1. Inequality (.25)) is equivalent to the identity
f Yo (x,0)dii = @d := amin ¢; ,(x,0), (4.26)
Q xeQ

where A < 0.
2. wis the solution of (P}) if and only if

supp(it) C {x € Q : ¢5.,(x,0) = A}. 4.27)
Proof. As in the proof of Theorem|4.15, we get that & € U, solves (P, ), if and only if

T (@) (u — i) = f 0io0)du—-) >0  Vue U,
Q

which is equivalent to the condition (4.23).
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Now let #(Q) = a@. If 2 = min, g ¢z,(x,0) > 0, then take u = 0 € U in (#.23) to see that in this case # = 0 must
hold. So we must have A < 0. Furthermore, we can equivalently write (4.25)) as

fgol—,,g(x, 0) dii = min f Yuo(x,0)du.
0 uelUs Jo

Take xo € Q, such that ¢;,(x9,0) = A. Then u = ad,, achieves the minimum in the equation above and we get
(#.26). The other direction of the equivalence is obvious and completes the proof of part 1.

In order to prove part 2, we look at two cases. First, let 2 = 0. By definition of A this implies that ¢ > 0 for
all x € Q. So with (#.26)) we get that i has support, where ¢; ,(x,0) = 0 = 4, in order for the integral to be zero.

The second case is A < 0. Define ¢(x) := —min {¢; ,(x,0),0}, then it holds 0 < ¥(x) < —A by definition of
(x) and A. Furthermore [|Yllc(g), = —A. With 23) and ¢/(x) > —¢z.-(x, 0), we find

fl//(x) din > - f Gno(x,0)di > — f o (x,0)du Yue U;.
Q Q 0

Especially for u = ady,, we have

fl//(X) din > - f Puo(x,0)d(@dy,) = —ad = |l v W llo@)-
Q Q

Furthermore, we obviously have

flﬁ(X) din < lall p) ¥l o)
Q

so we can deduce equality and as in Lemma 3.8 we then get (4.27).

The converse implication can be seen, since for a positive control # € U with #(Q) = a, we can conclude

(#@.23) from the condition (@.27). i

4.4 Computational results

For the implementation we consider ¥ = 0 and ¢ = 0 in (4.2).

We will consider the case of positive sources first, since the implementation is straightforward, while the general

case requires to handle absolute values in the constraints.

4.4.1 Positive sources (problem (P, )

We recall the discrete state equation (#.12)), which reduces to the following form, since » = 0 and ¢ = 0, with
n € th
Ok = Y-t 22 + @i [, VyenVandx = f,k Jo fzndxat,

Yo,n = YOh

where yg;, € Yy, for given u € M(Q), is the unique element satisfying:

Oon> zn) = fz;, du Yz, €Y.
Q

) Ny . . N, .

Let the mass matrix M, = ((exj, exk)H)i;(:l and the stiffness matrix A;, = ( fQ Veije,(k)j ;:1 corresponding to Yj,.
. . No o, . e NN

We also notice that the matrix (exj, 6xk)jk—1 is the identity in IR™"*™:,
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We represent the discrete state equation by the following operator L : RN> — RNe:

M, 0 Yo, u
-M, M, +atiAy Yih T My fin
. .= ) (4.28)
0 M, My +atyAn)\yn.p ™, Mpfn, n
——
—L =

In order to get yy, , from the vector yj, a restriction matrix that we call R is applied. Let f = O for simplicity, then

we have

yn.a(u)=R-L
0
This illustrates the ill-posedness of the final time control problem. For long time horizon 7', especially in combi-
nation with a big diffusion constant a, we observe computational challenges and a big condition number for the

solver of the discrete state equation.
We can now formulate the following finite-dimensional formulation of the discrete problem (P ,):

1 T
min J(u) = 3 N, n @) = ya) My (YN, 1w (W) = Ya) » (P})

u€RMh

Nj

s.t. Zui—aSO,

i=1
-u; <0, VYie{l,...,N,}.
The corresponding Lagrangian function .Z(u, A1, A®) with AV € R, 1® € RM is defined by
N Ni
L, AV, AP = J(u) + AV (Z Ui — a] - Z AP,
i=1

i=1

All inequalities in 1; are strictly fulfilled for u; = zﬁ foralli € {1,..., Ny}, thus an interior point of the feasible

set exists, and the Slater condition is satisfied (see Definition[2.29). Then the Karush-Kuhn-Tucker conditions (see
Theorem [2.30) state that at the minimum u the following conditions hold:

1. 8,2, AV, A?) = 0,
2. A0 (ZM wi—a)=0 A AV 20 A (EV ui—a) <0,

3. -APu;=0 A AP 20 A —u; <0 Vie(l,...,Ny),
where 2. and 3. can be equivalently reformulated with an arbitrary « > 0 by
NV, AV == max {0, AW 4 K(Zﬁ”l u — cy)} -AY =0,

N(Z)(ua /1(2)) = max{O, 1(2) — KM} — /1(2) =0.

We define
.

F(u, A0, 4%) = (8,2, A0, 2?)  NO@u,AD)  NO(u,1?))

and apply the semismooth Newton method to solve F(u, A1), A?) = 0.
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We have
0,ZL (u, AV, A?) = 3, J(u) + AV, — 2@,

where[Ly|= (1,..., )T € R, while the identity matrix of size N, x N, will be denoted by Ly, .
When setting up the matrix DF = DF(u, AV, 1®), we always choose d,(max{0, g(x)}) = d.g(x) if g(x) = 0.
This delivers

2, L, AV, 29)  8,0(0,L (u, AV, AP))  0,2(8,L (u, AV, 1))

DF = AND @, AD) 0, N, AD) 0,0 NV (u, A1)
AN (u, 1?) A, NP (u, 1?) A, NP (u, 1?)
92, Lw, AV, 2?)  8,0(8,L(u, AV, A?))  8,0(8,L (u, AV, 2?))
= 8NP (u, A1) 9N (u, A1) 0 :
NP (u, 1) 0 912N (u, A?)

with the entries:

2, L, AV, A?) = 3 J(w),

0,00, L (u, AV, A1) = 1,
012(0,L (u, AV, A1) = -1,

AW 4 K(ZNhl u; — a') >0,

.
BN, A0 = < T
else,

0, /l(l)+l< N u; —a) >0,
ANV, AV = Z =1 )

1, else,

{ Oij» /l()—Ku,>O

N(Z)(u /1(2)) —
else,

(2)
— K >
PRI I L
! 0;j, else,
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62 CHAPTER 4. PARABOLIC OPTIMAL CONTROL GOVERNED BY BOUNDED INITIAL MEASURES

Numerical example

LetQ=1[0,1,T =1anda = ﬁ. This combination of 7 and a is chosen to avoid too big a condition number of
the discrete state equation. We are working on an equidistant 20 X 20 space-time grid for this example.

To generate a desired state y,;, we choose uye = 805 and f = 0, solve the state equation on a very fine space-
time grid (1000 x 1000) and take the evaluation of the result in # = 7 on the current grid £2;, as desired state y, (see
Figure 4.1). Another option is to sample the associated state y,,,. from the analytic solution with spacial Fourier

modes (for more details see Appendix[A.3) and then take ys = y,,,. (7).

0.8-

0.6

04

0.2+

00000000000 " 0000000000

Figure 4.1: From left to right: true solution u,e, associated true state yyye in Q = [0, 1] X [0, 1] and desired state
Yd = ytrue(T)o

Either way, we can insert this y, into our problem and solve for different values of . Knowing the true solution
Uirye, WE can compare our results to it. We also know u.(€£2) = 1 and supp(uyye) = {0.5}. We always start the
algorithm with the control being identically zero and terminate when the residual is below 10713

The first case we investigate is @ = 0.1 (see Figure 4.2). This « is smaller than the total variation of the true
control and we observe #(Q) = a. Furthermore A = min 5 @(0) ~ —35.859 and we can verify the optimality
conditions and (@.27)), since

f@h(x, 0)din ~ —3.5859 ~ a1,
Q

and supp(it) = {0.5}.

The second case we investigate is @ = 1 = uyu(Q) (see Figure . The computed optimal control in this
case has a total variation of #(Q2) = 1 = a and we can again verify the sparsity supp(iz) = {0.5}. Furthermore
A = min, 5 @(0) ~ —0.0436 and we can verify the optimality condition (4.26), since

fg'oh(x, 0)dit ~ —0.0436 ~ aA.
Q

For cases with @ > ugu(Q), we get similar results as in the case with @ = 1. In particular this means that we
observe optimality conditions (4.26) and (4.27). Since we fixed f = 0, we get yo(T') = 0 and therefore y; > yo(T).
Still, the properties that we found in the general case for #(Q) < a: (T') = y,; and ¢ = 0 € Q can not be observed
(compare Figure [4.4]top). This is caused by the fact that the desired state y, can not be reached on the coarse grid,
so ¥(T') = y, is not possible. Solving the problem with a desired state that has been projected onto the coarse grid,
thus is reachable, delivers the expected properties y(T') = y; and ¢ = 0 € Q (see Figure 4.4 bottom). For examples
with y; < yo(T) we can confirm Remark 4.8]and find the optimal solution & = 0.
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—=desired state
= optimal state | -

01 [ s i 25 f

0.05+ 1 15+

05 05 _40 L L L L
0 0.2 0.4 0.6 0.8 1

Figure 4.2: Solutions for @ = 0.1: from top left to bottom right: optimal control # (solved with the semismooth
Newton method), associated optimal state ¥, associated adjoint ¢ on the whole space-time domain Q, and associ-
ated adjoint @ at r = 0. Terminated after 16 Newton steps.
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1 o 3 |
=== desired state
08l 25+t —optimal state | |
2 L
067
157
047
1 s
0.2F 05"
06000000000 ' 0000000000 0 : : : :
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
T T
0.05
O L
1
0.5 05 -0.05 :
0 0.2 04 0.6 0.8 1
t 00 & T

Figure 4.3: Solutions for @ = 1: from top left to bottom right: optimal control it (solved with the semismooth New-
ton method), associated optimal state y, associated adjoint ¢ on the whole space-time domain Q, and associated
adjoint @ at = 0. Terminated after 15 Newton steps.

—— desired state
—— optimal state

0 02 0.4 06 0.8 1 0 02 0.4 06 0.8 1

—— desired state
—— optimal state

0 0.2 0.4 0.6 0.8 1 0 02 0.4 06 0.8 1

Figure 4.4: Solutions for @ = 2 with original desired state (top) and reachable desired state (bottom): from left
to right: optimal control & (solved with the semismooth Newton method), associated optimal state ¥, associated
adjoint @ on the whole space-time domain Q, associated adjoint @ at = 0. Terminated after 17 and 27 Newton
steps, respectively.
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4.4.2 The general case (problem (P, )

Here, the source does not need to be positive. In the discrete problem we will decompose the control # € Uj, into

its positive and negative part, such that
u=ut"—u, ut>0, u >0.

We have the following finite-dimensional formulation of the discrete problem (P, o))

) _ 1 _ _
min  J'u7) = = vt u0) = ya) " My Gven@®u0) = va) (Pn)
ut,u-eRNn 2
st XNVl -l - <0,
—uf <0 Vi,
-u; <0 Vi,

where yy_;(u*, u™) corresponds to solving (4.28) with u = u* — u~ inserted into the right hand side of the equation.
In order to allow taking second derivatives of the Lagrangian, we want to equivalently reformulate the absolute

value in the first constraint. This can be done by adding the following constraint in our discrete problem:
wu; =0 Vi (4.29)
and consequently the first constraint becomes

(Z?i”l ul + ui’) -a<0.
However, in the case u] = u; = 0, the matrix in the Newton step will be singular. Since we want to handle sparse
problems, this case will very likely occur, so we need to find a way to overcome this difficulty. Instead of adding
an additional constraint, we could also add a penalty term that enforces uu; = 0 Vi and consider the problem

u+,{¢1*1ieI]11{Nh J(M+’ w)+ 7(u+)Tu_’ (Ph,y)
s.t. Z;\;”l ul +u; —a <0,

—uf <0 Vi,

-u; <0 Vi

For y large enough the solutions of and will coincide, i.e. the penalty function is exact. In [44} Theorem
4.6] and Satz 18.5] it is specified that y should be larger than the largest absolute value of the Karush-
Kuhn-Tucker multipliers corresponding to the equality constraints (4.29), which are replaced. For clarification we
formulate and prove this result in our problem setting:

Theorem 4.17. Let (i*,u, AV, A%, A%, i) be a Karush-Kuhn-Tucker point of with the additional constraint
#.29). Withy > max {|fi1],...,|an,|} we get that (", @) is a global minimum of (Py,,).

Proof. We define the Lagrangian .# for problem with constraint (#.29). Let AV € R, 1®,1® € RN, u € RM,
then:

Nh Nh le
Lt u, AV, AP 29 1y =gt um) + AV (Zﬁhl uf —u; - cx) - Z ﬂf-z)u:r - Z /15»3)%_ + Z#i“:”i
=1 i=1 i=1

=ATg
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Now for all (u™,u”) € R, since J is a convex C'—function, we know

L u, A0, 22,29 0y > L@t a7, A0, 22,29, 0) + V. L@t a, A0, 22,09, "Wt - it
+V, L@, a, AV, 22,29, )T - )
=@, a,A0,2%,29, o,

by properties of Karush-Kuhn-Tucker points. So (ii*, #~) is a global minimizer of .Z(-, -, A, A® A® | i). Further-

more, we have (&)@~ = 0, since (", i) fulfills constraint (4.29). This delivers
Jat, a ) +y@H)u = J@t,u0)
N
= J@*, @) + Z,a,-uju;
i=1
= 2@ 5,2, 2,29, 1) - ()"g
< LW u, AV, 29,29 1) - D)7z

=Jw u)+ iﬁiu;’ui_
i=1
<JWu)+ )l/(u+)Tu_,
where we used y > max {|f1, .. ., |y, |}. Thus (@*, @) is a global minimum of . ]
We will now work with (Py,)). We have the corresponding Lagrangian .Z, with AV e R, AP, A3 € RMi:
Lt u, AV AP Ay =gt u) + y ) Tu + A0 (Zﬁ\i”l uf —u; - a)

Ny Nj
@, + 3, -
—E/liui—g/liu[.

i=1 i=1

All inequalities in (Py,,) are strictly fulfilled for u:’ =u; = m foralli € {1,...,N,}, so the Slater condition is
satisfied (see Definition [2.29). By Karush-Kuhn-Tucker conditions (see Theorem[2.30) the following conditions in
the minimum (u*, u~) must be fulfilled, where we directly reformulate the inequality conditions with an arbitrary

k > 0 as in the case with positive measures.
1. 0 Ly(ut,u=, A0, 2@ 29) = 0,
2. 0Lt u, A0, 22,29 = 0,
3. NO@*,um, AM) = max{0, AV + k (Z uf - u7 — @)} - 2V =0,
4. N®w*, 1?) = max{0, A% — ku*} - A =0,
5. NYw,A%) = max{0,2® - ku~} — 2® = 0.

We then apply the semismooth Newton method to solve

Oy Lt um, A, 4@, 1))
Oy Lyt u, A, 1@, 1®)
F(u+’u—,/l(1)’/l(2)’/l(3)) — N(l)(u+’u—’/l(l)) =0.
N(Z)(u+,/1(2))
N(3)(u_,/l(3))
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‘We have

O Lyt u, AV AP A9) = 9,0 Tt u) + yum + AV 1y, — A2,
0L, u”, AV, A2 29 = 0, Tt u7) + yut + AV, — A9,

When setting up the matrix DF, we always make the choice d,(max{0, g(x)}) = d,g(x) if g(x) = 0. This delivers

(in short notation):

c’)ﬁwiﬁy 6u76u+.§/ﬂy aﬂ(l)amgy 6%2)6,“9% 6/1(3)6u+$7
0w 0, %, 63, <z, 0,00, %, 000, %L, 00,2,
DF = A, NV 0,-ND o ND 0,0 N 0> ND
0+ N® 0,-N® 0,wN?P 0,0 N?® 9,oN?P

8+ N® 8,-N® 9N 80N 9,0 N®

3i+u+ zy 0Oy fy 0,000,+ fy 0,20,+ fy 0
Oy+ 6W§f; 6&% 6,1“)6,4792@ 0 0,@0”—%
= 8, N 9,-ND (9,1<1>N(1) 0 0 R
8,+N® 0 0 d,oN @ 0
0 0, N® 0 0 64(3>N(3)
with the entries
ai+u+% = 65*“* J,

Oy 0Ly = 8,08 Ly = B0, J + YLy,
0,00, Ly = 0,00, = 1y,
0,00, Ly = 0,00,-%y = -1y,
9 L,=0.J,

T (1) Ny o+ - _
KLy, A +K(Zi=1ui+ui a)zO,

8, NV =g, N =
0, else,

(1) Ny o+ - _
VN + k(XM up +uy - ) 20,
-1, else,
()
5 NO = k65, A7 —kui >0,
u. 7 -
s 0, else,
5 uN® 0, /152) - kuf >0,
AN =
it —0;j, else,
65, AP —ku >0
@) _ KOjj, i s
(9,4;1\71 =
0, else,
0, A9 —xuz >0,
(9/1(3)Ni(3) = !
! —0;j, else
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Numerical example

Let 2 =10,1], T = 1and a = 1170' Again, this combination of 7 and a is chosen to avoid too big a condition
number of the discrete state equation. We are working on a 20 X 20 space-time grid for this example. Positive parts
of the measure are displayed by black circles and negative parts by red diamonds. We always start the algorithm
with the control being identically zero and terminate when the residual is below 10713,

First example like described in Section[4.4.1] compare Figure.1l We found the following values to be suitable:
The penalty parameter y = 70 in and the multiplier x = 2 to reformulate the KKT-conditions.

The first case we investigate is @ = 0.1 (see Figure 4.5). This « is smaller than the total variation of the true

control and we observe it (Q) = a, i~ (Q) = 0.

01 T T Q@ T T 3 T T T T
== desired state
0.08 | 25+t / —optimal state | |
2 L
0.06 | 1 \
15] . \
0.04 ¢ 1
11 \
0.02 ¢ 05" ]
P W W W W W W WY F W W W W W W W W o m
O VY VVYVYVYYYVY VVVVVVVIVVVY O
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
T T

Figure 4.5: Solutions for @ = 0.1: from top left to bottom right: optimal control & = @* — &~ (solved with the
semismooth Newton method), associated optimal state y, associated adjoint @ on the whole space-time domain
0, associated adjoint @ at # = 0. Terminated after 11 Newton steps.

The second case we investigate is @ = 1 (see Figure 4.6). This « is equal to the total variation of the true control
and we observe 7t (Q) = @, 7 (Q) = 1.8635 - 10720, These results are almost identical to the results in Section
M.4.1] where only positive measures were allowed (compare Figure 4.2 and 4.3).

The third case we investigate is @ = 2 (see Figure [4.7). This « is bigger than the total variation of the true
control and we observe #*(Q) = 1.5, (Q) = 0.5. Furthermore #(T) ~ y, (with an error of size 107®) and
@ =~ 0 € Q. Since we allow positive and negative coefficients, the desired state can be reached on the coarse grid -
different to the case of only positive sources, but as a payoff the sparsity of the optimal control is lost. As required,
the complementarity condition has been fulfilled, i.e. «/u; = 0 holds for all i. This however, comes at the cost

of many iterations, since a big constant y causes bad condition of our problem. As a remedy we implemented
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Figure 4.6: Solutions for @ = 1: from top left to bottom right: optimal control & = #* — &~ (solved with the
semismooth Newton method), associated optimal state ¥, associated adjoint ¢ on the whole space-time domain
0, associated adjoint @ at r = 0. Terminated after 64 Newton steps.

a y-homotopy like e.g. in [I4} Section 6], where we start with y = 1, solve the problem using the semismooth
Newton method and use this solution as a starting point for an increased y until a solution satisfies the constraints.
With a fixed y = 70 we need almost 1000 Newton steps, with the the y-homotopy, which terminates at y = 64 in
this setting, it takes 183 Newton steps.

As a comparison to the problem with only positive sources, we also solve the problem with the same reachable
desired state as in Figure 4.4] i.e. the projection of the original desired state onto the coarse grid. Here, we also
observe (T) ~ y, (with an error of size 107'?) and ¢ ~ 0 € Q. Furthermore the optimal control is sparse with
supp(ii*) = {0.5}, only consists of a positive part and its total variation is i#i*(Q2) = 1 < . We fix y = 70 and need
56 Newton steps in this case.

Furthermore, we solve this case on a finer space-time mesh (40 X 40) to compare the behavior of solutions
(see Figure [4.8). We observe a higher iteration count: 255 Newton steps when employing a y—homotopy, which
terminates at y = 64. In fact for any example, which we solved on two different meshes the solver needed more
iterations on the finer grid. This is caused by the growing condition number of the partial differential equation
solver, since it is a mapping from an initial measure control to the state at final time. We can also see a difference
in the optimal controls in Figure top and Figure although comparable associated optimal state and adjoint
are achieved.
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—— desired state
—— optimal state

—— desired state
—— optimal state
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z x

Figure 4.7: Solutions for @ = 2 with original desired state (top) and reachable desired state (bottom): from left
to right: optimal control # = @t — &~ (solved with the semismooth Newton method), associated optimal state 7,
associated adjoint @ on the whole space-time domain Q, associated adjoint ¢ at + = 0. Terminated after 183 and
56 Newton steps, respectively.
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Figure 4.8: Solution for @ = 2 with original desired state on a 40 X 40 space-time grid: from top left to bottom
right: optimal control # = & — &~ (solved with the semismooth Newton method), associated optimal state ¥,
associated adjoint ¢ on the whole space-time domain Q, associated adjoint @ at t+ = 0. Terminated after 255
Newton steps.

70



4.4. COMPUTATIONAL RESULTS 71

The second example we want to look at is a measure consisting of a positive and a negative part. To generate a
desired state y,;, we choose uyye = 093 — 0.5 - dpg and f = 0, solve the state equation on a fine space-time grid

(1000 x 1000) and take the evaluation of the result in # = T on the current grid ©;, as desired state y; (see Figure

G9).

200 - 2
05}

0000000 "000000000 ;0000

-05 ©

Figure 4.9: From left to right: true solution u.., associated true state yyye in Q = [0, 1] X [0, 1] and desired state
Yd = Yirue(T)

The first case we investigate is @ = 0.15 (see Figure 4.10). This « is smaller than the total variation of the true
control and we observe it (Q) = 0.15, 7~ (Q) = 1.2929 - 10716,

The second case we investigate is @ = 1.5 (see Figure d.11). This « is equal to the total variation of the true
control and we observe ii*(2) = 1.0001, it~ (2) = 0.4999. For both cases displayed in Figurewe fix y = 70.

Again, we investigate as third case a setting, where @ = 3 > 1.5 = [luyuell py0) (see Figure @) We observe
it (Q) = 1.75,i(Q) = 1.25. Here, 7(T) ~ y, (with an error of size 10~7) and ¢ ~ 0 € Q hold. The optimal control
fulfills the complementarity condition, but we can not observe the same sparsity that was inherited by uy.. For
this case we have to raise the fix y to 100 and the computation took over 1700 Newton steps. Hence we employ a
y-homotopy again, which terminates at y = 64 in this setting, and only need 137 Newton steps.

For comparison we project the desired state onto the coarse grid, such that it becomes reachable and then solve
the problem again. Now we observe i (Q) = 1,7 (2) = 0.5, supp(@it) = {0.3}, supp(ii~) = {0.8}, which are exactly
the properties of uyy.. Furthermore we see ¥(T) ~ y, (with an error of size 107'%) and  ~ 0 € Q. We observe a

reduction of Newton steps needed - the computation took 20 Newton steps with fixed y = 100.

In summary, for all cases where & < |[uguellpm@) holds, we observe the optimality conditions and sparsity structure,
which we proved in Section For the cases where @ > ||uguellm(e) holds, the bound on the total variation of
the optimal control is higher than needed to achieve the desired state in the continuous setting. Here, we have
constructed a desired state yq, which is not supported in the grid points of the coarse grid we employ, therefore not
being "reachable". So, the freedom of the optimal control to attain a higher total variation than the true control,
leads to a better approximation of y4 in the general case with positive and negative parts of the measures, at the
loss of sparsity. Projecting the given y4 onto the coarse grid, thus making the desired state "reachable"”, leads to a
sparse optimal control.
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Figure 4.10: Solutions for @ = 0.15: from top left to bottom right: optimal control & = &* — &~ (solved with the
semismooth Newton method), associated optimal state y, associated adjoint ¢ on the whole space-time domain
0, associated adjoint @ at t = 0. Terminated after 29 Newton steps.
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Figure 4.11: Solutions for @ = 1.5: from top left to bottom right: optimal control it = a* — &~ (solved with the
semismooth Newton method), associated optimal state y, associated adjoint @ on the whole space-time domain
0, associated adjoint @ at r = 0. Terminated after 44 Newton steps.
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Figure 4.12: Solutions for @ = 3 with original desired state (top) and reachable desired state (bottom): from left
to right: optimal control &z = @t — &~ (solved with the semismooth Newton method), associated optimal state 7,
associated adjoint ¢ on the whole space-time domain Q, associated adjoint ¢ at ¢ = 0. Terminated after 137 and
20 Newton steps.
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Chapter 5

Elliptic optimal control governed by

functions of bounded variation

We structure this chapter as follows: We state the elliptic optimal control problem in Section[5.1] In Section[5.2 we
introduce the mixed formulation of the state equation, prove existence of a unique solution to the elliptic optimal
control problem and derive its optimality conditions and sparsity structure. We apply variational discretization to
the problem in Section and discuss the resulting structure of the non-discretized controls. Then, we proceed
analogously to the analysis of the continuous problem by proving existence of a solution, deriving optimality
conditions and sparsity structure. We also examine error estimates. Finally, in Section [5.4]we explain how to apply
the semismooth Newton method to our problem, derive an optimization algorithm and then present computational

results for two different examples. We compare our findings to the experiments from [43]).

5.1 Problem formulation

We consider the optimal control problem:

: . 1 2 ’
Lo J(w) = zlly = Yallz2iq) + @ 1l mcs (P)

where y satisfies the one-dimensional elliptic partial differential equation

-y =u, in Q,
{ Y (5.1)

y =0, onT.

Let Q = (0, 1) with boundary I" = {0, 1}, and the parameter @ > 0. We denote the control by u € BV(Q), the state
byy e Hé (£2), and the desired state by yq € L*(£2). We employ the BV-seminorm ||u’|| p) in the objective, since
it favors piecewise constant controls that jump only a limited amount of times. This problem can be understood as

a special case - i.e. with a special choice of elliptic partial differential equation - of the problem considered in [43]].

5.2 Continuous optimality system

We begin by examining the state equation. The state y is supposed to solve (5.1)) in the following weak sense:

Definition 5.1. A functiony € Hé(Q) is a solution to (5.1)), if it satisfies the identity

fy’v’dx:fuvdx Vv € Hy(Q). (5.2)
Q Q
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We define the bilinear form a : Hy(2) x Hy(©2) - R,

a(y,v) = fy’ v dx,
o)

and the linear functional F € (H(l)(Q))* as F(v) == (u,v)12(o). Taking this inner product is sensible, since we have
BV(R) — LP(Q) continuously for p € [1,co] and compactly for p € [1, ) from Theorem 2.25|for n = 1. In
particular BV(Q) — LX(Q).

So, (5.2) can be written as

Findy € Hy(Q): a(y,v)=F(v) Vve HyQ).

It is well known for this setting, that by the Lax-Milgram Theorem (see e.g. [52} Lemma 1.8]) we have a unique

solution to (5.2).

However, in this work we want to take another approach: The state equation (5.1)) can be written in mixed

formulation. We remark that due to n = 1 in this setting the space (see e.g. [64]])

H(div; Q)= {z e LX(Q):divz e LZ(Q)}
coincides with H'(Q). So, with z € H'(Q) the mixed formulation reads:

-7 =u, in Q,
z =y, inQ 6.3

y =0, onT.

This results in the weak formulation: Find (y,z) € Hé (Q) x H'(Q), such that

f wH+ywdx=0 Vv e H'(Q), (5.4a)
Q
f wZ dx = — f wudx — Ywe LX(Q). (5.4b)
Q Q

Here we write (y,z) = S(u) for the solution of (5.4). We know by Theorem 1] that S(u) admits a unique
solution (y,,z,) € Hy(Q) x H'(Q), where y, solves (5.I) and z = y'.

Remark 5.2. Introducing the mixed formulation gives rise to the opportunity of including z = y' in the target

functional.

For simplicity in the following proofs we additionally introduce the control-to-state operator
S : BV(Q) c H'(Q) = (H)(Q))" — H)(Q), U Y.

In this sense, it is meaningful to consider the reduced problem (P). We have the following regularity result (see
Lemma 2.2.])
Lemma 5.3. Let (y,,z,) = S(u) € Hé (Q) x H'(Q) with data u € L*(Q). Then we have

||}’u||L2(Q) + ||Zu||H1(Q) < C||M||L2(Q)~ (5.9
Furthermore, if Q is convex, then y, € H*(Q) and
||yu||H2(Q) + ||Zu||Hl(Q) < C”M”LZ(Q)- (5.6)

Especially, we get IS ull g2y < Cllullz2)-
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The existence of a unique optimal control follows directly from [43] Theorem 2.2.], but we will give the result here

for completeness.
Theorem 5.4. Problem admits a unique optimal control i € BV (Q) with associated optimal state y € H(])(_Q).

Proof. To prove the existence of a solution i we consider a minimizing sequence (u); € BV(£), such that

fim S0 =t 00 =

and
J(u) < J(0) Yk € IN. 5.7

We will show boundedness of (uy) in the BV-norm |luxllpv@) = lluxllzi ) + llu;lIm@)- From (5.7) we have

J(O
ezl me) < (7) (5.8)

so it remains to show boundedness of (IIukII LI(Q))k. By |, Theorem 3.44] it holds for all k € IN

. , CJ(0)
llotx — fiellzr ) < Crlluglime) < , (5.9)
with i, = I_!12I fQ u; dx and C; depending on 2 only. Due to Q = (0, 1) we have
el @) = lil.
Now, by reverse triangle inequality we see
CiJ©O) .
el @) < + il
This means we have to show boundedness of (|ii|);. Again by reverse triangle inequality, we have
2l 1S U2y = 1S il 2o
< S (e — ullr2 ) + 1S ukllzz o)
< ”S”L(H*l(!)),LZ(Q))”ﬁk - uk”H*‘(Q) +11S Mk||L2(Q)~ (5.10)
From (5.7) we get
1 2 ’ 1 2
EHSuk - yd”LZ(Q) + a”uk”M(Q) S E”)’d”Lz(_Q)
= 1S ux = yall2e) < lyallzze)
= IS ulli20) < 2Myallrace) = 242J(0). (5.11)

We have the embedding L'(Q) < H~'(Q), so that [lullg-1@) < CollullL (), with constant C, > 0. Using this and

combining (5.10) with (5.9) and (5.T1)), we derive
A . [Ci1C2J(0)
liul < 11S 1||L§(Q>( S | 2@z + 2 V2T(0) )

where we use S 1 # 0. Finally, we have for all k € IN

(Cy +1)J(0) .1 [CiC2J(0)
lugllzvio) < IT +||51||L}(9)( 2 NS - I(Q)Lz(g)ﬁz\/zj(o) (5.12)
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Due to BV(Q) — L'(Q) compactly, there exists a subsequence (uy )y of () and a iz € L'(Q), such that
e — € L'(Q) for k¥ — oo. For u € L'(Q) the mapping u +— %||Su - yd||22(g) is continuous and by
Theorem 5.2.1.] we have lower semicontinuity of u — |[t||p(q). Altogether

] < J(@ < liminf Ju) = lim J(u) = J.

which delivers existence of a solution.
From the injectivity of S we deduce strict convexity of J(u), which delivers uniqueness of the solution. Assume
there exist two solutions u;, u, € BV() of (P) with u; # u», then for A € (0,1)

J(Auy + (1 = Duz) < AJ(uy) + (1 = DJ(u2) = J(uy).

This contradicts u; being a solution, so u; = u, must hold. O

Similar to Theorem 2.3.], but adapted to the mixed formulation of the state equation, we provide the following

optimality conditions.

Theorem 5.5. The control u € BV(£) with associated (y,7) € Hcl) (Q) x H'(Q) is optimal for the problem (P) if and

d(x) = fox p(s)ds satisfy ®(1) = 0 as well as

| ®an = alwo, (5.13)
Q
1@llc) < @, (5.14)
va +3Wdx=0 Vv e H(Q), (5.15)
Q
f wz' dx = — f wit dx VYw e LX(Q), (5.16)
Q Q
f gv+pvdx=0 Vv e H'(Q), (5.17)
Q
qu' dx = — f w (& — yq) dx Yw e LX(Q), (5.18)
Q Q
—(p,u — )20 < @ (W llme) — 17 I me) Yu € BV(Q). (5.19)

In the proof we proceed analogously to the proof of [43] Theorem 2.3.].

Proof. By convex analysis (see e.g. [61]]) the optimality of @ is equivalent to
0 € dJ(n),

where 9J(i1) denotes the subdifferential of J at #. By chain rule ([6I] Proposition 3.28.]) and sum rule ([6I}
Theorem 3.30]), which we can apply since both summands of J are continuous on BV (£2), we see
0215z - yal? 7
€ (157 = yull 0, + ol nio)
= 0 ES*(Sﬁ—yd)+(9(a/||ﬁ’||M(Q))

= =S*(S@t - ya) €9 (alli’llme) -

We recall (3,2) = S(@1), which readily delivers (5.13) and (5.16). Now, define the adjoint state p = S* (S#& — yq),
with S# = y this gives

(5.20)
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Formulating (5.20) in a mixed way with § € H'(£), such that g = p’, similar to the procedure for the state equation,
we see (5.17) and (5.18). The regularity of p follows from the convexity of € and Lemma|[5.3] which then implies
@ e H3(Q).

Furthermore, for the subdifferential we have the equivalence
—p € 0 (alli || me) S —(p,u— )20 < a (W llme — 1@ lme) Yue BV(Q),
which gives (3.19). Inserting u = 2iz and u = 0 into the above inequality delivers
- (P, W20 = ol | m)- (5.21)
Also, for arbitrary &t € BV(£2) we can insert u = i1 + & and u = —ii + & into the same inequality to derive
(P, iz < (i + @ llme) — 1@ 1Ime@) < el lIme),

B W <a(l = + & llme — 17 1Ime) < alli|me),

which leads to
(P, W20 < el | m) Yu € BV(Q). (5.22)

From (5.22) with u = 1 we conclude ®(1) = fol p(s)ds = (p, )2 = 0.
By definition of ® and the generalized Green’s formula for BV-functions ( Theorem 10.2.1.]) we have

—(]_7, I/_t)LZ(_Q) = - f (i)’ﬁ dx = f(i)dﬁ,
Q Q

We equivalently reformulate (5.21)) and (5.22):

f O dii’ = allit' || o)
Q

f@)du'
Q

The equality shows (5.13) and we insert u = € BV(L), which denotes the characteristic function of the
interval (x, 1), with u’ = §,, into the inequality to see

f ®ds,
Q

This shows (5.14) and completes the proof. |

< ol l|meoy Yu € BV(Q).

)| = < aldillmg) = @ (5.23)

Similar to the optimal control problems with measure control in Chapter [3| and Chapter {4 the problem inherits a
sparsity structure. In this case the structure delivers information about the support of #’ and not about the support
of the optimal control itself. The support of &’ indicates the location of the jumping points of the optimal control
it € BV(Q). We repeat the following result from [43] Corollary 1]:

Lemma 5.6. If it is optimal for (P), then there hold

supp((@)™) ¢ {x € Q: B(x) = af, (5.24)
supp(()”) € {x € Q: B(x) = —af, (5.25)

where W’ = (') — ()" is the Jordan decomposition. Moreover, we have

supp(i’) C {x € Q: |d(x)| = e} € {x € Q: p(x) = 0}. (5.26)
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Proof. Let £ € Q, such that ®(%) < @. By continuity of ® there exists an open neighborhood U ¢  of % and
& > 0, such that ®(x) < a — 6 for all x in U. Then, making use of Theorem we see

ol i = fg ddi
= f@d(ﬁ/)Jr - f (i)d(ﬁ'f
Q Q
< f ad(@) + f(a — ) d@) + f ad@y
O\U U Q
= f ad@@)t + f ad@')” - f od@)*
Q Q U

= alli@' | me@) = 6(@)* (U).

Combined with non-negativity of (i’)*(U) it follows (ir’)*(U) = 0. So for any & € Q with (%) < a we deduce
% ¢ supp((&’)*) and therewith holds. To show (5.25)) we proceed analogously for & € Q with ®(%) > —a.
Obviously, we have

supp(i’) = supp(&)") U supp(@)") = {x € 2 : |B(x)| = o .

Since, ||®|lce) < @ holds by Theorem we conclude that x € Q with |®(x)] = a is a global minimum or
maximum of the C'-function ®, so it satisfies 0 = ®’(x) = p(x) and (5.26)) holds. ]

5.3 Variational discretization

We employ variational discretization in order to achieve sparsity without discretizing the control u. Instead, via
the piecewise constant discretization of the adjoint state p in combination with the optimality conditions for the
variational discrete problem, the structure of the control « is induced. We will see that under a structural assumption
i’ is a sum of measures - without being discretized. This immediately delivers that the induced structure for the
control u is to be piecewise constant.

Let0 =xp < x; <...<xy =1 be a partition of Q@ = [0,1]. Then for i = 1,..., N we define the subintervals

I; := (x;-1, x;) of size h; := x; — x;—; and define i := max;<;<y h; to be the mesh width. Let y; fori = 1,..., N be

1,x€ I,',
Xi(x) =

0, else.

the indicator function of interval [;, i.e.

Lete; for j=0,...,N denote the hat functions, such that e;(x;) = ¢;; fori, j =0,...,N.
We introduce the discrete spaces

Py :=span{y;: 1 <i< N},
P = span{ej:OSjSN}.

Using these spaces we get the discrete formulation of (53.4): Find y, = Zf\i 1 YiXi € Py, and z;, = Z?’: ovjej € P,
such that

fzhvh +ypv,dx =0 Vv, € Py, (5.27a)
Q
fwhz;l dx=— f whudx Ywy, € Py. (5.27b)
Q Q

We write (v, z;) = Sp(u) for the unique solution of the weak mixed formulation of the discrete state equation.
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In the present case where 2 C R, the space of Raviart-Thomas elements of lowest order (see e.g. [5}[64])) coincides
with the chosen space P;. Furthermore, we stress that the control space remains BV(£2), so the control u is not

discretized. For simplicity we additionally introduce the discrete control-to-state operator
Sh : BV(Q) i Po, U Yyn.

The variational discrete counterpart of (P) then reads

. 1 ) )
weBV0) Tn(u) = EHy"’h = Yallp2 ) + @l lIme- (Pyo)

We give the discrete counterpart of Theorem [5.4]

Theorem 5.7. Problem (Pyq4) admits an optimal control i € BV(Q) with associated optimal state y € P.
There exist C, hg € Rq, such that for all h € (0, hg] we have

sy < C (5.28)

for any optimal control u.

Since the control u remains continuous and it holds §,1 # 0, we can use the proof for existence of solutions from
Theorem 5.4 verbatim. For the proof of the boundedness in the BV-norm we refer to [43] Theorem 3.5.]. We stress
that uniqueness of the control is not given in this setting, since the control is not discretized, so the control-to-state
operator is in general not injective.

Analogous to Theorem [5.5|from the continuous setting we derive the optimality conditions for (Pyg).

Theorem 5.8. The control i € BV(Q) with associated Sy(it) = (J4,Zn) € Py X Py is optimal for the problem
(Pyd) if and only if there exists a unique tupel (py,qn) € Po X Py, such that (@, y,,Zn, Pr, qn) and the Py function
Dy(x) = [ pu(s) ds satisfy Dy(1) = 0 as well as

f &, dit = ol o, (5.29)
o
I®nllco) < a, (5.30)
fzhvh +)7hv;ldx=0 VVh EPl, (531)
o
fWhZ;l dx = — f whil dx Ywy, € Py, (5.32)
Ie) Q
f qnvp + phv;l dx=0 Yv, € Py, (5.33)
o
fwhé_];l dx = — f wp, (Frn — ya) dx Ywy, € Py, (5.34)
o o
—(Pnyu — 20y < @ (1 lpmee) = @ | mee)) Yu € BV(Q). (5.35)

Furthermore, we deduce a similar sparsity structure as in Lemma 5.6|for the continuous problem.

Lemma 5.9. If i is optimal for (Pyq), then there hold

supp((@)*) C {x € Q: By(x) = af,

supp(#)7) < {x € @ : By(x) = —a},
where ' = (@')* — (&')" is the Jordan decomposition. Moreover, we have

supp(i') C {x € Q: 1Py(x)| = o} € {x € Q: piu(x) = 0}. (5.36)
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These results can be proven as in the continuous case, so we refrain from giving the proofs here.
Even though the control is not discretized, we can deduct information about the structure of the control from the
optimality conditions and the sparsity structure, especially properties (5.30) and (5.36). Let us make the following

structural assumption:
Assumption 5.10. Suppose that {x eQ:|d,(x) = a} is finite.

This assumption is fulfilled in the generic case that @, is not constant on any interval. In particular, under this
assumption, the maximal absolute value |®,(x)| = « of the P; function ®;, with bound ||®y|lc(e) < @ can only be

attained at the grid points {x,-}fll, which gives
supp(ir') C {x; )Y, . (5.37)

Obviously not all grid points may be points, where |®,(x)| attains the value a, which we will later account for

with the outer iteration of the algorithm. Due to this structure it is natural to express the optimal control # and its

N N
_ — —i —7 =i
w=a,+ E Tyl nys = E C,0x;,
i=1 i=1

for suitable constants a, € R,¢, = (E}L, .. .,52’ )T € RY. So, it is obvious that # € Py. We can determine the

derivative as

coeflicients a; and ¢, by solving the finite-dimensional, convex optimization problem

N N
. 1 2 i i
min §||yh = Yallzziq) + @ § [t s.t. On>vi) = Sulay + 2] ¢ lien)- (Pp)

ap ER,E},E -1
i=

Analogous to [43] Definition 3.9. and Lemma 3.10.] we define a helpful operator and collect a few properties.

Lemma 5.11. Fori=1,...,N let the operator (), be defined as below:
1
Ty, : BV(Q) — Py, T;,uul = h_ u(s)ds.
i 1;

For any u € BV(Q) and wy, € Py it holds

(, w2y = (Chit, Wi 12(0), (5.38)

llu = Chullo) < Al llme), (5.39)
CCh) Tme) < Nl (5.40)
llu = Chullzo) < hlle'llz=@), provided that u € W"*(Q). (5.41)

This proof has been collected from Proposition 16] and Lemma 3.10.].

Proof. The equality (5.38)) is obvious, since

fudxzf‘fhudx
I I

holds for all i = 1,...,N. Also, for u € C'(Q) the inequality (5.39) is given. Now, for u € BV(Q) there exists a

sequence {u;} ey C C7(£2), such that

| —

e = ujlio + |1l = lllme | < = Vix1, (5.42)

~

by [3} Remark 3.22.].
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Then, we estimate
lle — Crullpr oy < Nl — ujllpoy + lluj — Trujllp oy + 1 Chte; — Thullp o
< =l o) + h||u;-||M(Q) +lu; = ullp o)
2
< Tt hllu' || mc)-
For j — co we deduce (5.39). Next, we show (5.40) for u € C*(Q). By continuity of u and the mean value theorem
for integrals we know there exist points & € I;,i = 1,..., N, such that
N
Thu = Z u(&ixi-
i=1
For any element v € Py with v = Zf; | Vixi it holds
N N
V=) i—vi)by, and IVl = ) i = vil,
i=2 i=2

where &, denotes the Dirac measure concentrated in x. So, we have

N
IO Nl = 1) = (o)l
i=2

N X
< Z ' (x)| dx
= Jer

< f [t (x)| dx
o

= |1’ | m)-

Now, let u € BV(£2) and again take a series {u;},ey C C™(2), which satisfies (5.42). From the convergence
uj — ue€ L'(Q) it obviously follows that Ypu; — Thu € L'(Q) by definition of ;. We use [3| Proposition 3.6.],
the fact that (5.40) holds for every u;, and (5.42) to obtain

NCCRw) Ime) < liﬂglfn(Thuj)/”M(Q) < lijrr_l)glf”ll}”M(Q) = 'l m@)-

This shows (5.40). Finally, to prove (5.41]) we use that, given u € W*(Q), by Rademacher’s Theorem (see e.g.
Theorem 2.14.]) the control u is Lipschitz-continuous with Lipschitz-constant [|u/||;~@). So, forany i = 1,...,N
and arbitrary but fixed x € I;, we get

1 JI;
o'l
< rlrre |x — s|ds
hi I

< Al || o).

u(x) — Tpuy, = u(x) — hlfu(s) ds

Employing /& = max;<;<y h; we derive (5.41)). m}
In Theorem [5.7| we already saw that (P,g) has at least one solution. We now examine uniqueness of the solution.

Theorem 5.12. There exists a unique solution i € Py to problem (Py4). Furthermore, for every solution it € BV (L)
of (Py) it holds Ypit = .
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Proof. For u € Py the mapping # — (¥,2;) 1s injective, so that the quadratic term in J, now delivers strict
convexity of J, on Py. Therefore, uniqueness of solution in the discrete space is evident. Also, for every solution
it € BV(Q) to (Pyqg) the projection Vit is a discrete solution and due to uniqueness of the discrete solution, all

projections must coincide. O

This directly delivers the following result.

Lemma 5.13. Under Assumption problem (Py4)) admits a unique solution, which is an element of Py.

5.3.1 Error estimates

Here, we do not need a structural assumption, for now. Later on, when proving the convergence rate of the optimal
control, we will discuss structural assumptions.

Error estimates for mixed finite elements applied to elliptic partial differential equations have been proven e.g.
in [[T1] 36} [38] 42] [64], but we consider a partial differential equation with a function of bounded variation on the
right hand side. Furthermore, there exist many other works on error estimates for the mixed formulation of elliptic
problems in 2D and 3D, but we consider Q = (0, 1).

Analogous to [[26] Section 3] and [42] Section 3] we introduce interpolators for the mixed finite element method.
Asin we define the standard L%()-orthogonal projection Py, : L*(2) — Py, which satisfies: for any w € L*(Q)

(W - Pyw, Wh) =0 VWh € Py.

Furthermore, we recall the Fortin projection (see ), defined as IT;, : H'(Q) — P;, which satisfies: for any
v e H(Q))
(div(v = ITpv),wy,) =0 Ywy, € Py.

The following diagram then commutes:

div

H'(Q) —= [*(Q)

Hh\L \LP h

Pl div PO

ie., divIl, = P, div : H'(Q) — Py. We collect the following approximation properties, e.g. from Section 3]:

W — Ppwller@) < ChIW |lLro) for w € W' (Q),
v = pvllze) < CAIV lliro) for v e WP (Q),
1div(y — )l < ChllAV Y i@ for divy € H'(Q).

With these interpolators we prove the following a priori error estimate for the state analogous to Lemma 4.3.].

Theorem 5.14. Let (3,7, p, q) be the solution of (5.13)-(5.18) and let (34, 7Zs) be the solution of (5.27). Further-
more, let Q C R be a bounded convex polygonal domain with Lipschitz boundary T'. Problem is solved by
e BV(Q). Lety € H(l)(.Q), and p € H*(Q)N H(l)(Q) be the associated optimal state and adjoint state, respectively.
Then, we have

Iy = ullr2e) < Ch. (5.43)

Proof. Consider the following elliptic equation:

—-¢" =g, in Q,
¢ =0, onT,

(5.44)

where g € L*(Q).
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Consider the mixed weak formulation of the above problem, such that (¢, ) = S(g), see @]} Since Q is convex,
we have as in (5.6)) that (¢, ¥) € H*(Q) x H'(€) and

19l 2@y + Wl @) < Cligllze)- (5.45)

Now, by employing the equalities from the mixed formulation, we see

()_) _)_}h’g) = _()—] _)_)h’lp/)
= =G =In¥)— W22 = (6, @~ Zn))
=—W -, Z—Zp) — (¢ — Ppop, 2= Z1)) = 5 = n, (W =TT,

with Py, and IT, the special interpolators introduced before. We also have
llellz2 @) < Cllallpve) < C.

This follows from the continuity of the embedding BV(Q) — [2(Q) and the boundedness of the optimal control
in the BV-norm, see the proof of Theorem [5.4] We use this to estimate

W =, 2 = Zp) < Cll — Inll2o)lIZ = Zullar @) < CAllY @) llill2 @) < Chllglliz o),

and
(¢ = Ppop, (2= 71)") < Clip — Prdplli2o)llZ = Znllwi @) < Chllgllm ollillz) < Chligllizg)-
Also, by the definition of IT, and employing (5.6), we get

G =30 W =Tp)") = G = Pry, @ = TLp)) + (Pyy = Fp, (W = TTpp))

=0

< Clly = Pujllzoll@ = ) 12
< Chlllg @) Wllg o)

< Chllill2o)llgllz o)

< Chligllzz)-

Altogether this delivers
(O = In. 8) < Chllglliz ),

and therefore

- - 3-8
¥ = ullrey = sup ——— <
g€l2(Q),g#0 ||g||L2(Q)

]

We move on to establish an error estimate for the adjoint state. Let us remark that in the given problem setting, the
solution operators for the mixed formulation of the state equation S and for the discrete state equation S, coincide
with the respective adjoint operators S* and S;. Consequently, finite element error estimates that can be found
in the literature for the mixed formulation of the state equation also apply to the mixed formulation of the adjoint
state equation.

Theorem 5.15. Let Q C R be a bounded convex polygonal domain with Lipschitz boundary T and problem
be solved by u € BV(Q) with the associated optimal state y € Hé (Q). Furthermore, let (p,q) = S*(y — yq) and
(Pr»an) = S;(Fn — ya)- Assume that p € WL(Q). Then, we have

1P = Pulle=y < Ch.
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Proof. For notation purposes we write p = S|(§ — yq) and p; = SZ, Gr — ya). With the properties of P, given
desired state yq € L*(£2), the continuous embedding BV(€2) — L*(£2), and the bound ||it||py (o) < C from the proof
of Theorem [5.4] we obtain

Ip = Palle~) < 1P = Pupll=@) + 1Php — Pull=2)
< ChlIp'lz=@) + II1Prp = Prllr=2)
< Ch”ﬁ”wl-w(g) + ”PhST@ = ya) — S;il()_/h - yd)||L°°(.Q)
< ChlIY = yalle=@) + 185, G = In)ll=@)
< Ch(|l¥llze@) + Iyallze@) + 18,1F = I1) = S1F = In)llz=@) + IS1F = In)llz=@)
< Chllall~@) + ChIly = Fnllz~@) + CIIY = Jull=)
< Ch,

where we used Corollary 6.1.] in the last two inequalities. O

Remark 5.16. For higher dimensional mixed formulation approaches the error in the L™ -norm is of order O(h|log h|).
For further details we refer to [36]].

With the result for the adjoint state it is easy to see the following error estimate for the multiplier.

Lemma 5.17. Let the conditions of Theorem|5.15| hold. Then, we have
|® — ®pllr~(0) < Ch.
Proof. By inserting the definitions ®(x) = fox p(s)ds and @y, = fox pn(s)ds it follows directly that
1D — Dallz=@) < 1P = PallLio)-

and due to |Q| = 1, we also have

17 = Prllvey < 11P = Pulleec@).

With [|p — pullz=@) < Ch the claim follows. ]

Finally, under structural assumptions, we prove an error estimate for the control. Although the control is not
discretized in the variational discretization approach, we will denote the solution to by iy, for clarity from
here on. We remark that we can not expect a better convergence order than ||z — il ) = O(h), because if we fix
X € Q and consider & = 1z 1), then it holds |l — 1y, 1yllL1@) = I¥ — xi| = O(h) for any node x; € Q. We will prove
this order of convergence and see a numerical confirmation of our result in Section [5.4]

Let Assumption [5.10]hold and make the following additional assumption:

Assumption 5.18. Suppose that {x eQ: D) = a'} is finite. Then there exists m € N, such that
[xeQ: @I =0)={2,.... %),
with m = 0 indicating that these sets are empty.

From Lemma we deduce that the support of #’ is finite and we can express i as follows with 2 € R and

c=@E,..., e e R™
m
u=a+ Z E‘ll(;ﬂ.!l),
i=1

where some coefficients may be zero.
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To obtain a convergence result, we need to estimate the difference in the jump points of the optimal control and
the corresponding coefficients. We begin by analyzing the extremal points of the discrete multiplier @, which will

deliver information about the support of the variational discrete optimal control .
Fori=1,...,m we have %; € Q, since ®(x) = 0 for x € " and |D(%;)| = a > 0. There exists R > 0, such that

Bgr(X;) € Q and all Bg(%;) are pairwise disjoint.

Let hg, such that sy < § and m < N holds for all & € (0, hp]. Then for every i = 1,...,m we find the closest

grid points x;y, X; -, such that x;; < &; < x;, and x;, x;» € Br(%;).

Now, with |®,(x)] < a,®, € P, and taking Assumption into account, it holds either |®,(x;;)| = «a
or |®,(x;,)| = @. So, we can find a unique grid point xji), with j@) € {1,..., N} associated with %; for every
i =1,...,m. And we have chosen iy small enough, such that every grid point is associated with at most one jump

point %;. Since xj is a neighboring node of %;, we always have that
|X; — xj(i)| <h. (5.46)

Furthermore, we show that |®;,(x)| < « for all x € Q \ U Br(£:), so that it; can be represented as follows with
aeRandc, = @ ”,...,e/")T e R™

= P ~Jj(@)
up, = ap + C;l l(x/-(,-),l)-

m
i=1

It holds |®(x)| < a forall x € Q, so it is sufficient to show that |®(x)| = a can not be satisfied for x € Q\U”. Bg(%;).
We know that |®| is continuous on the compact set Q \ U Br(%:), so it attains a maximum on this set. Since
|®(x)| < a for all x € Q holds and under Assumption |®(x)| = a is not attained in Q\ U Bg(%;), we know that
this maximum is smaller than . Consequently, there exists € > 0, such that |®(x)| < a—e for all x € Q\ U Br(X;).
With Lemma we see [P, (x)| < @ — § forall x € Q\ U Bg(%;), since h < X,

Next, we estimate the differences in the jump heights and the constant coefficient.

Lemma 5.19. Let Assumption[5.10jand Assumption hold. Then there exists hy > 0, such that for all h € (0, hy]

the coefficients of the optimal controls it = a + Y, ¢1(s,.1) and ity = ay + Y1, Ei(l)l(xjm,l) satisfy

Z e — & < ch, (5.47)
i=1

la — ay| < Ch. (5.48)

Proof. We know that there exists a R > 0, such that the balls B% r(X;) are contained in £ and are pairwise disjoint

fori=1,...,m. Forevery i = 1,...,m we proceed as follows: Consider a function g € C°(£2), such that g = 1 on
Bg(fc,-) and g = O on Q\ U?llB%R(fci). For h small enough we also have x; € B%e(fci) foreveryi=1,...,m. We
have

m

m
W= Z ¢d;, and @M, = Z AL T
i=1 =1

so that by definition of g, definition of the distributional derivative, and the definition of the state equation we get
for all 4 € (0, ho]

|c' - 52@| = |<ﬁ' - ity, g>M(Q),C(Q)|
= |—(L_l — Up, g/)L2(9)|

< |(ﬁ — i, Ph(g'))L2(9)| + ‘(ﬁ — iy, g — Ph(g/))LZ(Q)| .
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The second term can be estimated as follows:

|G = . 8" = Pu(&Ni2o| < i = dnllzo)llg” = Pu(g)llizo)
< (@l 2@ + lnllz2e)) Chllg” 2,

< Ch,

where we use the definition of Pj, that we have the compact embedding BV(Q) — L*(Q), and the bounds
ll#llgvey < C and |liyllpvey < C. The latter bound has been proven in Theorem for h small enough, so if

necessary, we reduce hy.

For the first term we use the definition of a, the definition of P, and Theorem[5.14]to obtain

| = i, Pu(8 12| = 1a@ = T, Pa())]
< la@, Pu(g) - &)l +la( = 31, &)

= (@, Pr(g") — &2 o) + 'L@ - yn)g" dx

< l#ll2@IPr(€) = &'z + 11V = Full)llg” 20
< Ch.

Together we see |¢/ — E{;(i)l < Chforeveryi=1,...,m, which delivers (5.47).
To see (5.48)), it suffices to adapt the proof of Lemma 4.9.] to our setting and then insert the error estimate
for the state
Iy = ¥ullrz) < Ch

from Theorem O

With the previous results we now have everything available to prove the convergence order O(h) for the optimal

control.

Theorem 5.20. Let Assumption and Assumption hold. Then there exists hy > 0, such that for all
h € (0, hy] we have
it = @l @) < Ch.

Proof. We combine |Q| = 1, (5.46), (5.47)), and (5.43)) to get
iz = @pllpr o) = L a-—ap+ Z (Eil(xi,1) - Eﬁ(i)l(x,-(,),n) dx
=1

<la-ao| +f dx+f
Q Q

m m
<la=an+ )1 M = Tl + D18 =l
i=1 i=1

=Ri—xjo

m

Z ¢ (1()2,»,1) - 1(x/(i>’1))

i=1

m

Z (Ei _ Z,i(i)) l(x,'(;),l)

i=1

dx

< Ch.

We remark that it may be possible to prove the convergence order for the optimal control in the L'-norm only using
Assumption Then, Assumption for the discrete multiplier @, would be obsolete.
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5.4 Computational results

We can represent the mixed formulation of the discrete state equation (5.27) by the following matrix equation:

o)1)

where
%hl %hl 0 0 -1 0 0
e Sty gh : Lot
A= 0 . . 0 € R(N+1)><(N+1)’ B= 0 0 e R(N+1)><N’
: . Lhyoy d(hwo +hy)  hy : - -1
0 e 0 %hN %hN o ... 0 1
; L : ) T RN+ T RN :
with the vectors containing the coefficients : z = (Zo, - ,zN) eR"fy= (yl, e ,yN) € R", and the evaluation
of the BV-function u = (ul, .. .,uN)T € RV. Here, u; := j:q ufor j = 1,...,N. With our knowledge about the
. . I
structure of u we get u; = (a;, + Z'i’:_l] chjforj=1,...,N.
We use (5.49) to get
Az+By=0=2z=-A"'By,
B'z=-u=B"A'By=u
=>y=B"A"'Bu,
and then insert this into to obtain:
1 N-1
o f@nc) = SIBTAT B u =yl g +a el (Pr)

i=1

=:fi(@nscn)

where u = u(ay, cp).

5.4.1 Semismooth Newton method

In the following we explain how to solve by a semismooth Newton method: The representative vector of the
adjoint p can be calculated using the following matrix equation:

o L)

p=B"A"B)(y-yy.

which gives

The optimality system for the unconstrained problem (P) then reads
0 0
0= a—f(ah,ch) = — filan, cn),
ap é)a;,

0
0=— filan, cp) + 4; Vi=1,...,N-1,
dc;
Ozci—max(O,ci+y(/lj—a))—min((),c£+7(/lj+a)) Yi=1,...,N—-1,

with an arbitrary y > 0 .
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The third condition is a complementarity condition that originates from the generalized Jacobian

=a, c;l>0,

0 J
a—ljli=-a, ¢ <0,

The following Lemma is a simplified version of Lemma 2.2], which we give here for the sake of completeness.

Lemma 5.21. The equation

¢} —max(0, ¢} + (4, — @) - min(0,c] +y(A; + @) = 0 (5.51)
holds iff
dj=a a.e.on{er:ci>O},
(c], A)) satisfies Wl<a  aeonfxeQ:cl =0 (5.52)
dj=-a ae. 0n{x€Q:c£<O}.
Proof.

n = @ "

Letc, — mgx(O, ¢ +y(d; — @) —min(0, ¢, + ¥(4; + @)) = 0, then we have the following cases:
1 case: ¢; +y(d;—a) >0

This implies c{; +v(4; + @) > 0, so we have

So from c;; +y(dj - @) > 0itis obyious that c{; > 0, which gives the first case of (5.52).
2 case: ) +y(1j— @) <0 and e +y(dj+a) =0
From (5.51) we have directly c;l = 0 and therefore we get from the case assumption that

Aj—a<0 A Aj+a=>0 = 14, < a,

which gives the second case of (5.52).
3" case: ci +ydj+a) <0

This implies c{; +y(1; — @) <0, so we have

0=c£—c2—y(/lj+a')

= AjI—CL’.

So from c;; +y(4; + @) < 0 it is obvious that c{; < 0, which gives the third case of (5.52).
"(G.51) < (3.52)"

Here, we also look at three different cases:

1 case: Aj = a and ci >0

J_

c;, — max(0, ci; +v(4; — @) — min(0, ci +y(dj+a)) = ci - ci -y(1j—a)=0.

2 case: |4}l < aand ¢; = 0

7 —max(0, ¢} +y(A; - @) - min(0, ¢, + ¥(4; + @)) = - max(0,y (4; — @)) — min(0,y (4; + @)) = 0.
——— N———
<0 >0

C
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3 case: Aj = —aand ¢; <0

¢} —max(0,¢] +y(4; — @)) - min(0, ¢} +y(A; + @) = ¢} — ¢} —y(A; +a) = 0.

So, we can verify (5.51)) in all cases. i

We now get the following optimality system:

(BTA™'B)yy —u =0, (5.53)
(BTA™'B)p +y, -y =0, (5.54)
0
(y -y (BTAT'B)”! —u) =0, (5.55)
ah LZ(Q)
Ta-lp-1 0 ;
y—Y¥4 (B'ATB) —u +1;=0 VYji=1,...,.N—1, (5.56)
dc, L2(Q)
¢} —max(0,¢] +y(4; — @) —min(0,c, +y(4; +@) =0  Vj=1... ,N-1 (5.57)
Here, u = u(ay, c;) withu = (u,...,uy)" and u; = (a + Z{: c;;)hj. Consequently, we get
hy
0 . 0 T .
[)_ahu: : =:h and @HZ(O 0 ]’lj+1 hN) = hj.,.] f0r1=1,...,N—1.
hN h

Plugging in the above derivatives and inserting (5.53)) into (5.53)) and (5.56), we get

TA-L 14y _ T A-1 py-1
((BTA"'B)'u - y,. (BTA™'B) h)LZ(Q)

+/lj:|

N-1

Fap, cp, A) = [((BTA*IB)AU =~ Yo (BTAle)flth)Lz(g) »
=

0
= ol.
j j - j N1 0
|c] = max(0, ¢} + (4 - @) - min(0, ¢} + y(A; + a))]j=1

Then we choose the following matrix from the set of generalized Jacobian:

DF, DF, 0
DF(ay,cy, ) = |DF, DF3 DF4|.
0 DFs DFg

The first derivatives are unique:

_ 8 T A—1 -1 T 4-1 -1
DF, = 30, ((B A”'By lu -y, (BTA'B) h)LZ(Q)
-1 -1 2
= ”(BTA B) h”LZ(Q)»
r a N-1
|9 (pTa-1py-1,, T 41 -1
DFz = |- (B™A™'By 'u -y, (BTA™'B) h)Lz(m]
LOCh j=1
(T 4=1pr-1 T 4—1 -1 N
= (B4 B hy (B4 ) h)LZ(Q)L:1 ,

) N-1
g o e
DF; = ﬁ(((BTA 'By'u-y, (BTAT'B) ‘hj+1)Lz(Q) +ﬂj)}
LYCy Jk=1
[ T 4 =1 1 T A-1py-1 Nt
= »((B A B) hk+| s (B A B) h'j+l)L2(Q)]j,k=l ’
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N-1

0 T 4-1p\—1 TA-1 )]
DF4:[3_/1/< (((B A" B) lu-y, (BTATB) h-f“)LZ(Q)J”l")

Jik=1

=Iy-1.

In the following parts we make a choice:

N-1
DFs5 = [% (C;], — max(0, Ci +y(4; — @)) — min(0, c;; + (A, + Q)))}
C .
" k=1
Okj, for C£+7(/lj—a) <0 and c;; +y(;+a) 20,
0, else.
9 N-1
| Z (T _ j o o i |
DF; o1 (C;, max(0, ¢, +y(4; — @)) — min(0, ¢; + y(4; + a/)))
k k=1

=Y 6kj» forc£+y(dj—a)>0 or c;;+y(/lj+a)<0,

0, else.

5.4.2 Optimization algorithm

In contrast to we know that the support of #; is a subset of the grid points {x,-}fil, so we don’t need to
approximate the support like it was done there. We start the algorithm with an empty support set and then update
the set of support points in each outer iteration, where we will determine the grid points, in which the control is
actually supported.

We define m; as the cardinality of support points in iteration k and # the sorted vector of all support points in

iteration k. The outer iteration should be terminated if the support points satisfy
my = My and ltx — il < €. (Ty)

Here, the second condition only needs to be checked if the first condition is fulfilled, to ensure that the support
points are identical in both iterations. In [43]] cycling of the outer iteration is reported. We also observe this and

therefore insert a second set of termination conditions:
_ _ d f— < d k ok k-1 k-1 T
Mg = My_1 = My an Itk — teallr < € an S,y < fluw, ,y, ). (T»)

Here, by f (uﬁ, y’;l) we denote the target function in . This leads to the following algorithm to solve :

Algorithm 5.22:
input :mgy e R, € R™,e>0
fork=0,1,...do

if or holds then

m = my, Xy = tg,

k

extract (ay, ¢;) from u;

STOP

Obtain (u’,i, y’;l, p’,‘l) by solving .
| Compute #4; € R™+' from pr.

output: X, € R", (a;,¢;) € R™!

We initialize our algorithm with a;, = 0,¢;, = {},€ = 10719 and solve l) using the MATLAB routine ’fmincon’
with the following choices: Algorithm: ’active-set’; MaxFunctionEvaluations: 10°; MaxIterations: 10*; Function-
Tolerance: 10~'2, which will compute highly accurate solutions, since we want to display the order of convergence.
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The MATLAB routine *fmincon’ with the above choices and the semismooth Newton method (see Subsection[5.4.1))
executed up to tolerance 10~'2 deliver similarly precise results to problem (P4). We choose the stable and reliable

routine 'fmincon’ and accept the additional computation time.

5.4.3 Numerical Examples

As our first example, we consider 5.3. Example 1] with known solution, which satisfies the optimality condi-
tions as stated in Theorem [5.8] and has the following quantities:

e c:=12-48; x,. := 3= arccos($);

o a:=107;
e i: =05+ 1()((_’1) -2 1(0'5’1) +1.5- 1(1_)((_,1);
o y:=8(u,0);

o O(x):= 32 [(1 = cos(4mx)) — c(1 = cos(2nx))];
o pi=d;
¢ yai=y+p.

In Figure the approximated solutions on a grid with & = lets are depicted.

In Figure[5.2] the errors between the known solutions and the solutions to the variationally discretized problem
are displayed. We observe that the order of convergence is approximately 4, except for ||t — ipll;2(g), Which
converges with a slower rate. These results align with our findings from Subsection[5.3.1]

In addition to plotting the errors, we also calculate the convergence order h* for the refinement from some
gridsize h; to some other gridsize h,, see Table@, by

log(*)

eny

a = y
log(4)

where e;,, and e, act as placeholders for the different errors we are examining, in particular: |l — illz1 (o).

& — #allz2(0) 11§ = Fillzzcoy 1P = Palli=(o)> and [|® — @yll(g).-

h | hy | i = anllig) | i = dnllizgy | 19 = Inllizgy | 1P = Pullscg) | 119 = @all=co)
0.25 0.125 0.1943 -0.0171 0.2403 -0.2224 -0.4324
0.125 0.0625 1.3436 0.7759 1.4444 1.1389 2.6278
0.0625 0.03125 1.1471 0.9368 1.7284 0.8966 1.5183
0.03125 0.015625 0.9982 0.4874 1.0286 1.0597 0.7761
0.015625 0.0078125 1.4732 2.7648 -0.1603 0.4420 -2.0774
0.0078125 0.00390625 0.0178 -2.3127 1.6393 1.4590 3.8838
0.00390625 0.001953125 0.9832 0.4948 0.9920 0.9936 1.3328
0.001953125 0.0009765625 0.9975 0.4975 0.9957 1.0184 0.3887
0.0009765625 | 0.00048828125 | 0.9353 0.4984 0.9025 0.9738 -0.6235
mean 0.8989 0.4584 0.9790 0.8622 08216
slope of best fit | 0.9307 04854 1.0089 0.0241 0.9608

Table 5.1: Example 1: Convergence order (potency of gridsize k) of the respective errors when the grid is refined
from gridsize h; to gridsize h;.
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Control State
2 T T 0.09 T T
0.08
151
0.07
1r —_— 0.06 [
0.05
0.5
0.04
0or 1 0.03
0.02
051
0.01
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(A) ay, (B) ¥n
Adjoint state Multiplier
4 5
152105, 15107

K l50 0.‘1 012 0.‘3 014 0.‘5 016 0.‘7 018 0.‘9 1 K 0 0.‘1 012 0.‘3 014 0.5 016 0.‘7 018 0.‘9 1
(C) Pn (D) Dy,
. . . . . . _ 1 . . .
Figure 5.1: The variationally discrete solution to the data from Example 1 for 4 = 55<. The inclusions in (5.36)

are clearly visible.

—o—||u — upl|o
——||a@ — unllr
—b— (|7 — Fnll2
_'_Hfz_ﬁ_hHoo
......... O(h)

103 102 107"
h

Figure 5.2: Example 1: Convergence plots of the errors of the solutions to the variationally discrete problem
compared to the known exact solution.
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As a second example we use 54. Example 2] with unknown solution, @« = 107 and
ya(x) 1= 0.5772 (1 — cos(27x)).

Since the solution is not known, we calculate a reference solution on the finest grid with a reasonable computing
time, i.e. h = ﬁ. The results displayed in Figureare then used to approximate i, y, p, @ for the calculation of
the errors.

In Figure[5.2] the errors between the known solutions and the solutions to the variationally discretized problem
are depicted. Again, we observe that the order of convergence is approximately £, except for ||it — iyl 12(g), which
converges with a slower rate. This also aligns with the results from Subsection|[5.3.1]

Furthermore, we calculate the convergence order i* for the refinement from some gridsize /; to some other
gridsize h, as explained before. The results are displayed in Table

hy hy | i = dinlli oy | i = anllizgy | 19 = Inllizgy | 1P = Pullsco) | 119 = @all=co)
0.25 0.125 0.3110 0.2454 1.0464 0.7448 1.5684
0.125 0.0625 0.9990 0.5319 1.0788 0.8119 1.6061
0.0625 0.03125 0.9763 0.4961 1.0147 1.0266 -0.2077
0.03125 0.015625 0.9348 0.4682 0.9376 0.9737 1.3400
0.015625 0.0078125 1.1204 0.5630 1.0757 1.1106 1.0238
0.0078125 | 0.00390625 0.7379 0.3679 0.6267 0.8702 0.3120

mean 0.8466 0.4454 0.9633 0.9230 0.9404

slope of best fit | 0.9004 04679 09823 0.9450 09137

Table 5.2: Example 2: Convergence order (potency of gridsize /) of the respective errors when the grid is refined
from gridsize h to gridsize h;,.

Altogether, we are able to verify the results we show in Section[5.3] i.e. the inclusions from (5.36), the sparsity
structure of the control, and the error estimates for control, state, adjoint state and multiplier.

In [43] Section 5] the same examples have been analyzed, but without employing a mixed formulation for the
state equation. Under almost the same structural assumptions they get the following results: For a variational dis-
cretization approach with piecewise linear and continuous state and test functions they observe errors of the order
O(h?). Additionally, for a full discretization with piecewise constant control and piecewise linear and continuous
state and test functions they see errors of the order O(h).

In comparison, we consider a variational discretization approach combined with a mixed formulation of the
state equation discretized with lowest order Raviart Thomas elements, which corresponds to (yv;,z;) € Py X Pj.
We see that under the given structural assumption this leads to piecewise constant controls without discretizing the

control, so we can not expect more than the order O(/), which we have proven.
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Figure 5.3: The variationally discrete solution to the data from Example 2 for & = 755;. The inclusions in (5:36)
are clearly visible.
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Figure 5.4: Example 2: Convergence plots of the errors of the solutions to the variationally discrete problem

compared to the approximation of the exact solution. The reference solution is computed on a grid with & = ﬁ'
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Chapter 6

Conclusion

In this work we have applied the variational discretization approach to three different problem formulations.

In Chapter [3|we have analyzed a parabolic optimal control problem with space-time measure control and initial
measure control. The variational discretization approach has been compared to a full discretization approach to
illustrate the advantages of not discretizing the control. Here, we have seen the sparsity structure being retained
better on the discrete level by the variational discretization than by the full discretization.

In the following Chapter 4 we have only considered variational discretization and no full discretization for
comparison, because the parabolic optimal control problem with bounded initial measure control is closely related
to the problem from Chapter 3] if we only consider an initial measure control uy. The main difference is that we
consider a regularization term in the cost functional for the initial control in Chapter [3| while we impose a bound
on the measure norm in Chapter @ Both problems admit a similar sparsity structure, so we can deduce from our
results in Chapter |3| that also for the problem in Chapter 4] the variational discretization will perform better in
retaining the sparsity structure than a full discretization. Additionally, since we consider an initial control, we only
need to achieve sparsity in space at initial time, instead of sparsity in space-time.

For the elliptic optimal control problem governed by functions of bounded variation in Chapter [5| we have had
results achieved by other discretization techniques available from to compare our variational discretization
approach to. In this case the sparsity structure is also retained in a full discretization approach, which is caused
by the choice of spaces and the fact that we consider an elliptic control problem and not a parabolic one as in the
earlier Chapters.

In fact, the main challenge in the parabolic setting in Chapter 3| with space-time control is to retain the sparsity
in time. The approach we have taken for the parabolic optimal control problem delivers that the measure control
is supported in grid points due to our choice of piecewise linear and continuous test functions. This limits the
accuracy we can achieve on the discrete level. A remedy could be to consider piecewise quadratic test functions,
such that the extremal points of the adjoint can also be attained in between grid points. From the sparsity structure
we know that the controls support is a subset of those extremal points, so it would not be limited to grid points any
more. This advantage comes at the cost of a more complicated discrete state equation, where we might need to add
smoothing steps to avoid oscillations.

To justify our approach we have shown the convergence of the variationally discrete optimal control and state
to their continuous counterparts in Chapter[3| This should be easy to adapt to the problem formulation in Chapter 4]
although we have not presented this result. For the problem with BV-control in Chapter [5| however, we have
proven convergence rates of order O(h) for the optimal control in the L'-norm, the optimal state in the L?>-norm
and the optimal adjoint state and optimal multiplier in the L*-norm. It would be very interesting to also investigate
the convergence rates for the problems in Chapter [3] and Chapter ] Our computational results indicate that the
convergence rates for the optimal control in the measure norm and the optimal state in the L9-norm are of order
O(h), but we could also be seeing superconvergence effects due to our choice of example, where the true control

was located on the grid. This remains to be studied.
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Altogether, we have seen that the variational discretization approach can be tailored as needed for the problem
and, depending on the choice of ansatz and test spaces, delivers an induced discrete structure of the not discretized
optimal control. By observing the continuous sparsity structure and optimality system - especially the dependence
of the optimal control on the optimal adjoint state - we get an indication on how to use variational discretization
to achieve maximal sparsity of the control on the discrete level. For example, in Chapter 4 we have a parabolic
optimal control problem, but the control only resides at initial time, so it suffices to achieve sparsity in space. We
still need to make a choice how to discretize the test and ansatz spaces in time, but this will not affect the structure
of the optimal control. Therefore, we can make the most simple choice: piecewise constant functions in time. In
contrast, in Chapter[3]it was important for the retention of the sparsity structure of the space-time control to employ
piecewise linear and continuous test functions in time.

Also, we remark that it is possible to apply the variational discretization approach to many other optimal
control problems, where it is promising to be specifically beneficial for problems that admit a sparsity structure.
In Section we have presented a list of references that deal with such problems and for a lot of them it would
be interesting to compare variational discretization to the respective full discretization technique considered in the
reference. Also, there exist further problems not included in these references, which will be worth analyzing. For
example, we are working on applying our approach to a parabolic optimal control problem with measure valued
control in time, which can be viewed as a generalization of the impulse control for evolution equations.

We conclude this work by observing that we were indeed able to retain the respective sparsity structure of three

different continuous problems on the discrete level by utilizing a variational discretization approach.
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Appendix A

Appendix

A.1 Density argument 1

In order to see that
(e CHILR) : Y(T) = 0} ® (CA(Q) N W, (),
is dense in

W ={we Wy Q) : wls = 0,w(T) = 0 and —(3; + A)w € L(Q)},

we abbreviate X := W>P(Q) N WS"" (£2) and show the following two claims:
Claim I: {w € C*(I; X) : w(T) = 0} is dense in W.

This can be seen by constructing a suitable Friedrichs smoothing operator:

Choose a smooth function ¢: [0, ) — R, with

e 0 < ¢(s)<1forall s € [0,o0),
e supp(¢) C (0,2),

° fow e(s)ds = 1.

For € > 0, put ¢.(s) = é(p(‘;"). Now for each function v € LlloC
([0, T1; Y) by first extending v by 0 to a function ¥ € L! (R;Y) and by putting

loc

([0, T1; Y) with values in any Banach space Y,

: 1
define the smoothing v € L

ve(t) = foo P(t+ 5)pe(s)ds

For w € W c LP(I; X), the smoothing w, is a member of {¢ € C'(I;X) : £&T) = 0}. Since w(T) = 0 holds by

construction, we have only to show that we € C I(I; X). Indeed, for 6 € (—¢, €), we have

00

we(t +6) — we(?) + f W(x, 1+ 5)@l(s)dds

—0o0

X

- Hf T+ 6+ 5) = W+ ) @els) + 7+ 9) gl(5)6) ds

X

- H f W+ 5) (ge(s = 8) — pe(s) + ¢(5)6) dis

X

< f (2 + 9)llx lee(s = 0) = e(s) + ¢ (s) ol ds

00

< 17 Wil [Liplel) 62
< TP [Iwllyzr Lip(el) 6°.
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Thus, w, is differentiable with derivative

Wit) = — f "+ 5) () ds = f "W+ 5) gels) ds = @)

00

Analogously, one sees that w”. is of class C? and thus continuous. Repeating this analysis, we find that w, € C*(I; X)
for all k € IN. Since p < oo, standard results on convolution operators imply that w, converges to w in L?(I; X)
for € \, 0. The same argument shows that §,w. = (9;w). converges to d;w in LP(I; L’ (2)) for € N\, 0. Thus w,
converges to w in W.

Claim II: {¢ € C*(I;R) : &T) = 0} ® X is dense in {w € C*(I; X) : w(T) = 0} and thus in W.

Let w € C2(I; X) with w(T) = 0. By standard results in approximation theory (e.g., by cubic spline interpola-
tion, see Theorem 1 in ), one may approximate w in C*(I; X) by functions of the form

N
T ]
() = gaN,i(t)w(iﬁ) hence wy € CA(LR) ® X
i=0

with suitable functions gy, € C*(I; R).

A.2 Density argument 2

Recall that we identified M(Q,) and M(Q.) with {uy € M(Q): supp(ug) € Q.} and {u € M(Q): supp(u) C Q.},

respectively. In this sense, the sets

{fo € C™(Q): supp(fy) c 2} and {f € C7(Q): supp(f) C O}

are dense in M(Q.) and M(Q,) with respect to the sequential weak* topology.

This can be seen by utilizing that Q. and Q. have to satisfy certain uniform cone conditions (because they
are Lipschitz domains, see [|1, Paragraph 4.8]) and by convolution against suitable Friedrichs mollifiers that are
compactly supported in the interior of finite, convex cones.

In detail: Let u € M(Q.). Let ¢: R* — IR be a smooth function with support in the unit ball satisfying 0 <
¢(x) < 1forall x e R" and fR” @(x)dx = 1. Then for € > 0, we put p(x) = ﬁ @(2)and fe(x) = fR” 0(y—x)d u(y).
Some further =analysis shows that f, € C*(R"). Because Q. cC Q is relatively compact, it has a positive distance
€ > 0 to dQ and hence supp(fe) C Q and thus f. € C7(Q) forall 0 < € < . Lety € C(0,.) and extend it
continuously to IR” (this is possible because Q. is assumed to be polyhedral or an extension domain). Then

f Y() fe(x) dx = f () ge(y = x) dpu(y) dx
Q IRn er
- [ [ oo - 0drauo
IR” ]Rn

= f Ye(y) du(y) = f Ye(y) du(y)
R 0

with ¥ (x) = f]R‘” W(x) pe(y — x) dx. Now standard results on Friedrichs operators show . — ¢ in C(Q.). Hence
we obtain

Jo ¥ feydx = [ ure(y) du(y) — [, w () du),

showing that f.(x) dx converges weak-* to u.

100
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A.3 Fourier modes

In the sections on computational results, Section and Section we mention the option to sample the asso-
ciated state from the analytic solution for the control u with spacial Fourier modes. A very nice representation of
this method can be found in [[T2] Chapter 1.5]. We adapt it to our notation here:

We consider the diffusion equation

Ay = a*Ay
for 0 < x < 1 and 0 < ¢ < oo with general initial condition
y(x,0) = up(x),

and either Dirichlet or Neumann boundary condition.

This equation can be seen as a special case of a Sturm-Liouville problem, which has the form
(py)Y +(q+Ar)y=0 for0<x<1

with linear homogeneous boundary conditions

ciy(a) + c2y'(a) = 0,
c3y(b) + ¢4y’ (b) = 0.

Here, p, g, r are functions of x and A and ¢y, ¢3, ¢3, ¢4 are constants.

In the setting of Section@]we have Dirichlet boundary conditions, i.e. ¢; = ¢3 = 1,¢; = ¢4 = 0. By theorems

about Sturm-Liouville problems it is known that in this case the functions
yo(x) = sin(nrx) n=1,2,...

form a complete, orthogonal function system. Then the general initial condition can be represented with these

functions:

up(x) = Z A, sin(nmx).

This happens to be a Fourier-Sinus-transformation.
We calculate

1

1
f sin(max)u(x) dx = ZA,, f sin(mzx) sin(nx) dx
0 - 0

1
=A, f sin®(mzmx) dx
0

Am
2

forallm =1,2,... and derive

1
A, =2 f sin(mmrx)u(x) dx.
0

Altogether we get
y(x, 1) = Z A, exp(—n2n2a2t) sin(nmrx).
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Now, the initial condition is given by a dirac measure: uy(x) = d,,. Consequently, we can calculate the A,, as

1
Ap = 2f sin(mnax)dy, dx = 2 sin(mnxo).
0

These can be inserted into y(x, ) and then the state can be calculated. We want to remark that in Section [3.5| we

consider d,,,, with 7y > 0. In this case we can set ¥(x, ) = 0 for all # < 7o and y(x, 1) = y(x, t — 1) for t > 1.

In the setting of Section @] we have Neumann boundary conditions, i.e. ¢; = ¢3 = 0,c; = ¢4 = 1 and we

employ a system of cosine-functions to match these. The functions
=1, y,(x)=cos((n— Drx), n=2
form a complete, orthogonal function system. Consequently we represent

uo(x) = A, + Z A, cos((n — Dx).

n>2

Then, we calculate

1 1 1
f lu(x)dx = Ay f dx + ZAnf cos(nmx)dx = Ay
0 0 0

and form > 2

1 1 1
f cos((m — Dax)u(x)dx = A, f cos((m — Dnx)dx + Z A, f cos((m — 1mx) cos((n — 1)mx) dx
0 0 0

n=2

1
=An f cos>((m — Dx) dx
0

This gives

1
A :f u(x)dx,
0

1
Ay = Zf cos((m — Drx)u(x) dx form > 2.
0
Altogether in this case we have

Yx, 1) = Aj + Z Ay exp(—n2nta®t) cos((n — Dmx).

n>2
Again, we have uy(x) = &, and

A =1,

A, = 2cos((m— 1mrxg) form > 2.
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