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Abstract

This thesis addresses the reduced basis methods for parametrized quasilinear elliptic and parabolic partial
differential equations with strongly monotone differential operator. It presents all of the ingredients of the
reduced basis method: basis generation for reduced basis approximation, certification of the approxima-
tion error by suitable a-posteriori error control and an Offline-Online decomposition. The methodology
is further applied to the magnetostatic and magnetoquasistatic approximations of Maxwell’s equations

and its validity is confirmed by numerical examples.




ii

Zusammenfassung

Diese Arbeit befasst sich mit den reduzierten Basismethoden fiir parametrisierte quasilineare elliptis-
che und parabolische partielle Differentialgleichungen mit stark monotonem Differentialoperator. Es
werden alle Bestandteile der Methode mit reduzierter Basis vorgestellt: Basisgenerierung fiir reduzierte
Approximation, Zertifizierung des Approximationsfehlers durch geeignete a-posteriori Fehlerkontrolle
und Offline-Online-Zerlegung. Die Methodik wird ferner auf die magnetostatischen und magnetoqua-
sistatischen Ndherungen der Maxwellschen Gleichungen angewendet und ihre Giiltigkeit wird durch

numerische Beispiele bestitigt.
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Publications
Some of the results of this thesis have already been published or submitted.

e The reduced basis method for linear parabolic problems in section 3.3 in Chapter 3 is the improved
version of author’s master thesis [36] with the title “Reduced basis concepts for linear parabolic
equations”. We note that this master thesis was not published before and it contains unique results,
obtained by the author and his scientific supervisor Prof. Dr. Michael Hinze and presented now in

this thesis. Compared to [36]], we corrected errors and improved the overall style.

e Chapter 4 is an extended version of

[27] Michael Hinze, Denis Korolev: Reduced basis methods for quasilinear elliptic PDEs with
applications to permanent magnet synchronous motors. arXiv:2002.04288 (2020), which has been

accepted for publication in International Series of Numerical Mathematics book, Springer.

For this thesis, we changed notation and organisation of the text in [27] to improve the overall style
and added more details to section 4.2.1 on the computational procedure and figures (see e.g. figure
4.3(e) and figure 4.3 (f)) to section 4.3, compared to [27].

o Chapter 5 is an extended version of

[26] Michael Hinze and Denis Korolev. “A space-time certified reduced basis method for quasi-
linear parabolic partial differential equations”. In:Advances in Computational mathematics 47.3
(2021).

In particular, we added more details to section 5.2.2 on the computational procedure, compared to
[26].

These collaborations are an essential part of the research that led to this thesis.
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Chapter 1

Introduction

1.1 Motivation

A crucial task in the design of electric motors is the creation of proper magnetic circuits [30]]. In per-
manent magnet electric motors, the latter is created by electromagnets and permanent magnets. The cor-
responding mathematical model is governed by a quasilinear elliptic partial differential equation (PDE),
i.e. the so-called magnetostatic approximation of Maxwell equations, which describes the magnetic field
generated by the sources in the electrical machine. The mathematical modelling and design of electri-
cal machines, governed by the magnetostatic equation is the subject of broad research (see, e.g. [2, 7,
33,137,116, |15, {141 [39]). One of the engineering design goals consists in improving the performance of
the motor through modifying the size and/or location of the permanent magnets. This problem can be
viewed as a parameter optimization problem [2}, 7|33} 377]], where the parameters determine the geometry
of the computational domain. The underlying optimization problem then requires repeated solutions of
the nonlinear elliptic problem on the parametrized domain. Therefore, there is an increasing demand for
the fast and reliable reduced models as surrogates in the optimization problem. To achieve this goal, in
this thesis we develop the reduced basis method for quasilinear elliptic PDEs with strongly monotone
differential operator and apply it to the nonlinear magnetostatics problem in the modelling framework of
the permanent magnet synchronous machine.

The second motivation of this thesis is the development of reduced basis models for the magnetoqua-
sistatic approximation of Maxwell’s equations, which is also known as the eddy-current equation. This
equation finds its place in important applications, such as the computation of magnetic fields in the pres-
ence of eddy currents in electrical machines [46, 32]]. The development of fast and accurate simulation
methods for such problems is of great importance in the optimization and design of electrical machines
and other devices [7,44]. Therefore there is a demand for reduced order models of this quasilinear PDE,
which can be further used as surrogates in the optimization procedure. To achieve this goal, in this thesis
we develop the reduced basis method for quasilinear parabolic PDEs with strongly monotone differential

operator and apply it to the 2-D nonlinear eddy current equation.

1.2 State of the art and novelty of this work

The certified reduced basis method is known as an efficient method for model order reduction (MOR)
of parametrized PDEs [21} 43|, 25]]. The efficiency comes from the use of the Greedy search algorithm
in the basis construction for the numerical approximation of the problem and a-posteriori control of the

3



4 CHAPTER 1. INTRODUCTION

approximation error. The later serves not only for rigorous certification of the method, but also as the
selection criterion in the Greedy selection process. This process provides incrementally better bases for
the approximation and further significant speed-up in multi-query numerical simulations - relevant, for

example, in the design, optimization and control contexts, through the use of RB surrogate models.

The extension of reduced basis techniques to nonlinear problems is a non-trivial task and the crucial
ingredients of the method then highly depend on the underlying problem. Efficient implementation of the
Greedy procedure requires a-posteriori error bounds or estimates, which, to the best of our knowledge,
are not yet available for the nonlinear magnetostatics and magnetoquasistatics problems we consider. In
[1] the reduced-basis method is applied to approximate the micro-problems in a homogenization proce-
dure for quasilinear elliptic PDEs with non-monotone nonlinearity. However, we note that this is different
from the approach in this thesis, where we use the reduced basis method for the approximation of the so-
lution of a quasilinear PDE. In our case, the monotonicity of the problem allows the a-posteriori control
of the global reduced-basis approximation error. We provide the corresponding error bound for quasilin-
ear elliptic equations, which is based on a monotonicity argument and can be viewed as a generalisation
of the classical error bound for linear elliptic problems [45]], where the coercivity constant is now sub-
stituted by the monotonicity constant of the spatial differential operator. The computational efficiency
of our reduced-basis method is based on the so-called offline-online decomposition. The offline phase
corresponds to the construction of the surrogate model and depends on high-dimensional simulations,
and thus is expensive. The online phase, where the surrogate model is operated, is usually decoupled
from high-dimensional simulations and thus in general is inexpensive. This splitting is feasible if all the
quantities in the problem are parameter separable and hence the problem admits an affine decomposition,
which essentially means that all parameter dependencies can be separated from the spatial variables. The
recovery of the affine decomposition in the presence of nonlinearities represents an additional challenge
and it is usually treated with the Empirical Interpolation method (EIM)]5} [20} 38].

The reduced basis method was also successfully applied to linear 19, 48|, 49] and nonlinear parabolic
problems with polynomial [53}|52]] and non-polynomial nonlinearities [18]]. In general, there are two ap-
proaches for the reduced basis methods applied to unsteady problems: (1) first discretize, then estimate
and reduce, (2) first estimate, then discretize and reduce. The approach (1) [[19} 22| [18]] is based on a
time-marching problem in the offline phase and the error bounds or indicators are then stem from the
structure of the discrete problem. The POD-Greedy procedure [[22] is commonly used to construct the
reduced-basis spaces and the EIM is used to treat non-affine and nonlinear problems [18]]. In particular,
the approach (1) is applied in [[18]] to semilinear parabolic problems with monotone non-polynomial non-
linearities. However, we note that the error bound, proposed in [18]], is not applicable to our quasilinear
problem. The approach (2) starts from a weak space-time variational formulation (see, e.g. [48],149] 53,
52]). The error bounds are then derived in the appropriate Bochner spaces with respect to the natural
space-time norms. In this approach, time is treated as a variable and thus it resembles the reduced-basis
setting for elliptic problems [45]]. The reduced-basis space is consequently constructed in the offline
phase out of the space-time snapshots, obtained, for example, with the related Petrov-Galerkin discrete
scheme. However, the appropriate choice of the discrete spaces in the Petrov-Galerkin scheme results in a
time-marching interpretation (see, e.g. [49,|53]]) of the discrete problem. In this way, the time-marching
procedure allows to use the standard POD-Greedy approximation and to treat time as the parameter,
which leads to the reduced-basis time-marching problem, but the error certification is accomplished with

the natural space-time norm error bound. We refer to [[17]] for the detailed overview and comparison of

4



1.3. OUTLINE OF THE THESIS 5

these two approaches in the context of linear parabolic equations.

In this thesis we treat quasilinear parabolic problems with the approach (2). We propose an L*(0, T; V)
a-posteriori error estimate, based on the space-time variational formulation of quasilinear parabolic PDEs
with strongly monotone differential operators. We introduce a Petrov-Galerkin projection to approxi-
mate the continuous variational problem and provide its reduced-basis counterpart. The Petrov-Galerkin
problem with its solution us serves as our reference in a-posteriori error control. For computational pur-
poses, we approximate the solution us by the solution of the Crank-Nicolson time-marching scheme and
consequently use the POD-Greedy procedure to construct the reduced-basis spaces of small dimension.
The right-hand side in our error estimate is approximated with a computable bound, which is used in
the computational procedure. The time-marching Crank-Nicolson approximation of the Petrov-Galerkin
problem also allows to treat the nonlinearity with the EIM in order to have offline-online decomposition
for our problem available. Moreover, the parameter separability in time, achieved with the EIM, leads to
a significant speed-up factor in the computational procedure. For the efficient numerical solution of both
the quasilinear elliptic and parabolic reduced-basis problems with Newton’s method we extend the com-
putational machinery, proposed in 20} |18]] for semilinear PDEs. It leads to a reduced numerical scheme
with full affine decomposition and thus to a considerable acceleration in the online phase, compared to
the original finite element simulations.

The MOR methods for the magnetoquastatic problem, to the best of our knowledge, are only de-
veloped in the Proper Orthogonal Decomposition (POD) setting [51]], see e.g. [35, [23} 40], and the
analogues of the proposed reduced basis methodology are not yet available in the literature for the class
of problems we consider. We mention the recent work [29]], where the a-posteriori error estimates for
quasilinear parabolic PDEs in the presense of non-monotone nonlinearities were obtained. However, we
think that the strong monotonicity assumption on the differential operator allows to better capture the

structure of the magnetoquasistatic problem in our a-posteriori error estimate, compared to [29].

1.3 Outline of the thesis

This thesis is organized as follows:

o In Chapter 2 we introduce the physical model, derived as a 3-D magnetoquasistatic approximation
of Maxwell’s equations. We further impose additional assumptions on the domain of the problem
and formulate its simplified 2-D version as the problem of our interest. We describe the nonlinear
behaviour of ferromagnetic materials by introducing the B — H curves and their main properties.
We then outline a theoretical background, which is required for weak formulations of our PDEs
and then we proceed with a detailed discussion on existence and uniqueness of weak solutions.
Finally, we introduce the Newton operator, which will be further used in the numerical schemes

for our problems.

o In Chapter 3 we introduce the main ingredients of the reduced basis method for parametrized ellip-
tic and parabolic problems with linear, coercive differential operator. In particular, we address the
questions of constructing good approximating spaces with the Greedy algorithms, the parameter-
separability assumption and the corresponding affine decomposition of the problem, as well as
the question of quantifying the error of the reduced basis approximation and derivations of the

corresponding error bounds.
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e In Chapter 4 we propose the certified reduced basis method for quasilinear elliptic problems to-
gether with its application to nonlinear magnetostatics equation, where the later models the perma-
nent magnet synchronous motor. The parametrization enters through the geometry of the domain
and combined with the nonlinearity, drives our reduction problem. We provide the corresponding
reduced basis approximation of our problem. Next we prove the residual-based a-posteriori error

bound and present the numerical results.

o In Chapter 5 we propose the cerified reduced basis method for quasilinear parabolic problems with
strongly monotone spatial differential operator. We prove the residual-based a-posteriori error es-
timate for a space-time formulation and the provide a corresponding efficiently computable bound
for the certification of the method. We introduce a Petrov-Galerkin finite element discretization
of the continuous space-time problem and use it as our reference in a-posteriori error control.
The Petrov-Galerkin discretization is further approximated by the Crank-Nicolson time-marching
problem. Then we present the POD-Greedy approach to construct the reduced-basis spaces of
small dimensions and apply the EIM to guarantee the efficient offline-online computational proce-
dure. Finally, we apply our method to the 1-D and the 2-D nonlinear magnetoquasistatic problems

and present the corresponding numerical results.




Chapter 2

Magnetoquasistatic approximation of
Maxwell’s equations

2.1 Physical model

In this section the 3-D magnetoquasistatic approximation of Maxwell’s equations is derived together
with its 2-D approximation. We also discuss the modelling of material relations in our computational

problems.

2.1.1 Model problem

The laws of electromagnetism are given by a set of coupled partial differential equations, known as

Maxwell’s equations, which describe the relation between electric and magnetic fields [34]:

0B
rn =VXE Faraday’s law, (2.1a)
oD
m +J=VxH Maxwell - Ampere’s law, (2.1b)
V-B=0 Gauss’ magnetic law, (2.1¢)
V-D=p Gauss’ electric law. (2.1d)

Quantities, involved in the equations, together with their units, are defined as follows:

B — magnetic flux (or magnetic induction) [tesla]
H - magnetic field [ampere/meter]

D - electric flux density [coulomb/meterz]

E — electric field [volt/meter]

J — current density [ampere/meterz]

p — electric charge density [coulomb/meter2]
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All the quantities depend on position in space x = (x, X, x3) and on time ¢. Additionally, the following

constitutive laws (material relations) between fields will be considered [32]:
B=yH+M, D=€¢E+P, J=0cE+],, 2.2)

where M denotes the permanent magnet magnetization, P denotes an electric polarization and J; an im-
pressed current density. Furthermore, ¢ denotes the magnetic permeability, € the electric permittivity and
o denotes the electric conductivity, which is strictly positive in conductors, but vanishes in dielectrics. In
general, these material coefficients are tensors of rank 2, but in this thesis we assume that materials are
isotropic, therefore they become scalar quantities. We also neglect the hysteresis effect in ferromagnetics,
which makes the modelling of the materials complicated. We introduce the reciprocal of the magnetic

permeability, the magnetic reluctivity v, with the relation
H=vB-M). (2.3)

Here we note that H,,, = v,,4;M, where —H,,, is called the magnetic field such that the magnetic flux
density B vanishes and v,,,, denotes the constant magnetic reluctivity for the permanent magnet [24]. In
our applications we will consider ferromagnetic materials, where the magnetic reluctivity is a nonlinear
function of the magnitude of the magnetic flux density v(|B|). We provide more details on the magnetic

reluctivity function in the next section.

The quasistatic approximation is obtained from Maxwell’s equations by neglecting the displacement
current aa—][). Gauss’ law, i.e. divergence-free nature of B, implies that there exists a magnetic vector

potential A, which is unique up to a gradient field, such that
B=VxA. 2.4)

The material laws (2.2), the quasistatic approximation to Maxwell-Ampere’s law and (2.4) result in the

magnetoquasistatic approximation of Maxwell’s equations:

o-%+V><(v(|V><A|)V><A):JS+V><Hpm. (2.5)

In some contexts, the eddy-current term a% can be neglected and the equation turns into the magneto-

static approximation.

For computational purposes, we define a time interval / = (0, 7] with T > 0 and restrict the equation
to a bounded domain D c R3 with a sufficiently smooth boundary I' := 0D, such thatT" = '3 U Ty and
I'p NIy =0, and let 7j(x) = 7j(x1, X2, x3) be the outer normal vector to I'. On I'gy we impose the normal
component of B to vanish and on I'y we impose the tangential component of H to vanish. It can be

shown [4] that it translates into the following boundary conditions in terms of A:

& Axi=0, on I'yxlI, (2.6a)
& [IVXADVXxAlxi7=0, on IpxlI. (2.6b)
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We consider the initial-boundary value problem:

o-%+V><(v(|V><A|)V><A):JS+V><Hpm, in DXI, (2.7a)
Axii=0, on I'ygxlI, (2.7b)

[V(VXADV XAl xi7=0, on IpxlI, (2.7¢)

A=A, on Dx{0}, (2.7d)

where A, denotes the initial condition. The use of Coulomb gauging condition V - A = 0 imposes the
selection of solenoidal solutions to the problem and guarantees the existence of a unique solution in a
weak sense [4].

Certain assumptions on the geometry of the computational domain D, that is,
e D=QX(—&p,ep) and gp > 0 is small,
o D =Qx (=11, 1> diam (Q) with a symmetric behaviour of the solution,

allow to reduce 3-D problem to 2-D problem, defined on the cross-section of D (see, e.g. [42]]) . There-
fore, let Q c R? be a bounded domain with a sufficiently smooth boundary I := 0Q, such thatI" = T'gUI'y
and T N Ty = 0, and let 77 = 7j(x1, x2) denote the outer normal vector to I'. We assume that geometrical
and physical properties are translation-invariant in the x3-direction, hence vector fields in the model do
not depend on x3. The magnetic fields H, H,, lie in the x; — x, plane and we require that the current
density J; is perpendicular to the cross-section. Hence, for the fixed time ¢ > 0 the vector fields are

represented as follows:

Hi(x1,x2,1) Hpm(x1, x2, 1) 0
H=|Hyx1,x0,0)|, Hpm =|Hpma(x1,x2,0)|, Js = 0 ) (2.8)
0 0 J3(x1, X2, 1)
We also have
B (x1, x2,1) 0
B =|By(x1,x2,0)|, A= 0 , (2.9)
0 A3z(x1, x2, 1)

where the form of B follows from the material relation (2.3]) and the ansatz for A is chosen to satisfy
(2-4). We introduce notation u := A3 with u : Q — R. Then it follows that

Ju 0
dxy

VxA=|-2), VxHy, = 0 : (2.10)
0 _6Hpm,l + 6Hpm,2

0x 0x1

and we have |V X A| = |Vu| and V - A = 0. The following expression is then obtained:

0 0 0 0
[V X (VX ADY X A)ls = = (v(wub(?—;) o (V(IVul)a—;) 2.11)

==V - (v(Vu)Vu).

6Hpm,l aHpm,Z

-+ o with f 1 Q — R. After transforming our boundary conditions, we obtain the
2 X1

Set f:=J3—

9



10 CHAPTER 2. MAGNETOQUASISTATIC APPROXIMATION OF MAXWELL’S EQUATIONS

2-D magnetoquasistatics equation:

Ou

Frie V-(Vu)Vu) = f inQxI (2.12)

(o

u=0 inIpxI,
[v(IVul)Vu] -77=0 onTy X1,

u=u, onQx{0}.

In the next sections we discuss a weak formulation of (2.12) and the question of unique solvability.

2.1.2 The B-H curve and its properties

According to (2.1), there exists a magnetic field H around any conductor of electric current. The magnetic
field H is also called the magnetizing force, because materials, placed near such a force may acquire the
magnetic properties. The amount of magnetism induced in a body is then described by a magnetic flux
density B. The magnitude of the magnetic flux B := |B| depends on the magnitude of the magnetizing
force H := |H| and on the material properties. The relation between B and H is linear in a variety of
materials, i.e. we have B = uH, where u is a constant magnetic permeability. Materials with a strong
response to the magnetic field are called ferromagnetics. The B — H relation in ferromagnetic materials

is described by a nonlinear B — H curve:
for : Ry = RS H B = fpu(H). (2.13)
The magnetic permeability p; and the magnetic reluctivity vy in ferromagnetics are then defined as

fBH(s)  fau(®
S 9 - 9

and vi(s): (2.14)

u1(s) =
such that we have
B =u;(JH)H, and H =v;(B])B. (2.15)

A physical nature of the function fpy imposes the following natural assumptions on it (see, e.g. [42]
24]):
Assumption 1. Let fpy : Rj — R{ be a B— H curve. Then the following holds:
1. farr € C'RY),
2. feu(0) =0,
3. feu(s) = po >0, Vs 20,
4. lim f3,,() = po.
where pg = 4 x 1077 denotes the permeability of vacuum.
The following properties of the function v, easily follow from Assumption 1:

Corollary 2.1.1. Let Assumption I hold. Let vy := 1/ug be the reluctivity of vacuum. Then the reluctivity

function for ferromagnetic materials v, satisfies the following conditions:

10



2.1. PHYSICAL BACKGROUND 11

x10°

0 0.5 1 1.5 2 25

Figure 2.1: An example of fyp used in our simulations (the measurements are denoted by dots).

1. vieC 1(R(J)r) and is bounded, that is, there exists vy g > 0 such that, for all s € Rg it satisfies
vig < vi(s) < v (2.16)
together with

lim vi(s) =vo, and lim v{(s) =0.
§—00 §—00

2. The mapping s — vi(s)s = fl;},(s), s € R satisfies
vig < (v1(s)s)” < vo, (2.17)

is strongly monotone with monotonicity constant vy g and Lipschitz continuous with Lipschitz con-

stant vy, that is, for all s,t € Rg it satisfies

v1(s)s = vi(DD)(s = 1) > vip (s — 1), (2.18a)
vi(s)s —vi®t < vy |s — 1. (2.18b)
Proof. See [42]. O

In practice, the analytical form of B — H curves is generally not known. Instead, the inverse of the

B — H curve fyp(s) := fI;Il{(s) is reconstructed from a finite number of discrete points
(Hy,By), k=1,...,K €N, (2.19)

which are obtained from the real life measurements. For monotone data, as we have in our case, i.e., H; <
Hj for i < j, the monotonicity-preserving cubic spline interpolation technique, proposed in [13], can be

used for reconstruction (see Fig[2.T). Precisely, on each interval [B;, Bi.1] of length AB; = Biy1 — Bi, fus

11



12 CHAPTER 2. MAGNETOQUASISTATIC APPROXIMATION OF MAXWELL’S EQUATIONS

is represented as a cubic polynomial
Jup(B) = Hih(B) + Hi+1ha(B) + dih3(B) + d;iha(B), (2.20)

where d; := f;IB(Bj),j = i,i+ 1 and h,(B),p = 1,..,4 are the usual Hermite basis functions on the
interval [Bj, Bi+1]: hi(B) = 2((Bi+1 — B)/AB), ha(B) = z((B — Bj)/ AB;), h3(B) = —AB;s((Bi+1 — B)/AB)),
ha(B) = AB;s((B— B;)/ AB;), where z(t) = 32 — 2¢3 and s(r) = £ — . We note that suitable extrapolation
techniques can be employed for the points beyond the data range (see, e.g. [24]]). The nonlinear
reluctivity v is then obtained according to (2.14).

2.2 Analytical background

In this section we define notation and important notions from functional analysis, required for weak
formulations of our magnetostatics and magnetoquasistatics PDEs. Afterwards, we prove that the corre-

sponding weak problems are well-posed.

2.2.1 Some facts from functional analysis

We consider a real Banach space V with the norm |[|-|ly : V — Rg . The space V is called separable, if

there exists a countable dense subset K := {u; € V, i € N} € V such that
YueV Ve>0 dyeK: |u—-yllyv<e
Let Y be a Banach space with the norm ||-||y. A linear operator T : V — Y is called bounded if
AC>0: ||Tully £ Cllully VYueV.
The space of linear bounded operators from V to Y is denoted by £L(V, Y) and equipped with the norm

Tl zvyy := sup [[Tully.
[luelly=1
We recall that £(V,Y) is Banach if Y is a Banach space. We also note that bounded linear operators be-
tween Banach spaces are continuous, therefore for them we use the notion of continuity and boundedness
interchangeably.
Besides, we define a continuous embedding of V into the space Y as a continuous, linear, injective

mapping i : V — Y. If such an i exists, we say that V is continuously embedded in Y and write V < Y.

Definition 2 (Linear functionals, duals spaces).

e Let V be a Banach space. A bounded linear operator f : V — R, ie., f € L(V,R) is called a

bounded linear functional on V.

e The space V' := L(V,R) is called the dual space of V and is a Banach space with the operator

norm

fllv: == sup |f(w)l.

[leelly=1

12



2.2. ANALYTICAL BACKGROUND 13

e We use the notation

(fswyyry = f(u).

(-, yyry is called the duality pairing of V and V.

Let H be a real Hilbert space with the inner product (-,-)y : H X H — R{ and the induced norm

g = ¢, -)}{/2. We need the following

Theorem 3 (Riesz representation theorem). Let H be a Hilbert space. For any f € H' there exists a

unique vy € H such that
(fswuwn =vpuyy Yu€H, (2.21)

and the mapping f + vy is isometric, i.e., || fllgr = |vV¢llz. We say that vy is the Riesz representer of f.

We denote by V' = (V') = L(V’,R) the bidual space of V. We define the evaluation functional

ev,: V> Ras
evu(f) :=={fowyv VfeV. (2.22)
If all functionals in V" are of the form (2.22)), i.e., the mapping
Vourev, eV’

is surjective, then we say that V is reflexive. In that case V"’ is isometrically isomorphic to V and one can
identify V with V.
We commonly define L”(Q) as the space of equivalence classes of a.e. identical Lebesque measurable

functions on Q c RY, equipped with the norm

(fg |u(x)|P dx)l/p for1 < p < oo,

lleell zr () = (2.23)
ess sup |u(x)| for p = oo.
xeQ

1
loc

We also define the Lebesque space L, (€2) of locally integrable functions on €, i.e.,
L (Q) :={f: Q> R, flg € L'(K), VK c Q, K compact}.

Let Q c R? be open and let u € LIIOC(Q). Consider the space of smooth functions C;°(€2) with compact
support suppf, f € C;°(Q). If there exists a function w € LIIOC(Q) such that

f we dx = (=1)1 f uD¢ dx, V¢ € CX(Q), (2.24)
Q Q

then D% := w is called the a-th weak partial derivative of u. We then commonly introduce Sobolev

spaces WkP(Q) as subspaces of functions u € L”(Q), for which the weak derivatives Du, |a| < k, are in

13



14 CHAPTER 2. MAGNETOQUASISTATIC APPROXIMATION OF MAXWELL’S EQUATIONS

L”(Q). The norm on W*?(Q) is given by

1/p
S0, ) for 1 < p < oo,
||u||Wk,p(Q) = {( lal< LP(Q)) (2.25)

ZIuISkHDaM”LDO(Q) for p = co.

We note that for p = 2 we have a Hilbert space H(Q) := WEP(Q). We refer the reader to [8] for more
details on functional analysis and Sobolev spaces.

2.2.2 Brief on Bochner spaces

In this subsection we briefly introduce the necessary functional analytic tools to study abstract parabolic
equations and their weak solutions. Solutions to parabolic PDEs are functions of time and space, there-
fore the regularity in space and time may be different. We introduce some important spaces, called
Bochner spaces (see, e.g. [54, [11]]), which formalize the later regularity issues of weak solutions to
parabolic PDEs and are suitable for our problems.

Following [54], we first introduce the concept of a function with values in a Banach space, or a
vector-valued function. Let [0,7] c R and V be a Banach space and consider a vector-valued function
u: [0,T] — V, thatis, for any fixed ¢ € [0, T], the function x — u(x, t) belongs to V. For a Banach
space V and 1 < p < oo, the linear space L”(0, T; V) consists of all measurable vector-valued functions
u:[0,T] — V, such that

T » 1/p
(fo llu()IIf, dt) <ooforl <p< oo,

leellLro,73v) = (2.26)

ess sup ||u(?)|ly < oo for p = oo.
1€[0,T]

We also denote by C(0, T'; V) a space of vector-valued functions with values in V, which are continuous

on [0, T'], with the norm
lleellcco.rvy == max [lu(®)lly. (2.27)
1€[0,T]

Itis known (see, e.g. [[11]) that this choice of norms makes the corresponding spaces complete. Moreover,

if H is a Hilbert space, then L?(0, T; H) is also a Hilbert space with the inner product

T
W, V)p20.7:1 = f u®,v(O)pdt, u,v e L*0,T;H). (2.28)
0
Furthermore, let V be a reflexive Banach space, 1 < p < coand 1/p+1/g = 1. We have the identification
[LP(0,T; V)] = LY0,T; V).

The duality pairing of the spaces LY(0, T; V') and L”(0, T; V) is given by

T
(), VO 90,13v") LP(0,T:V) *= f u@®, vt)yvdt, ueL0,T;V'),v € LP(0,T; V).
0

The treatment of parabolic equations requires the simultaneous use of two appropriately coupled spaces

H and V. This coupling is formalized with the notion of a Gelfand triple.

14



2.2. ANALYTICAL BACKGROUND 15

Definition 4 (Gelfand triple, see [54]). The chain of embeddings V.— H — V' is called a Gelfand
triple if

o V - real separable reflexive Banach space;
e H - real separable Hilbert space;

o Visdense in H and embedding V — H is continuous, that is,

AC>0: vl <Clvlly VYveV

In the Gelfand triple, we identify H with its dual space H’ via the following linear, continuous, injective

mapping
H>hw (h,-yg e H, (2.29)

which is also surjective, according to the Riesz representation theorem. Then the embedding H' — V’ is
simply the restriction of {(h,-);; € H’ to V, which means that for 4 € H,v € V it holds (h, v)yy = (h,v)g.
We define a weak (or generalized) derivative of a vector-valued function: for u € L'(0,T;V), a

function y € L'(0, T; V) satisfying

T T
fo w6 (Ot = fo VORI, Vg € CR(0.T)), (2.30)

is called the weak derivative of u on (0, T) and one writes 7t := y.
Consider a Gelfand triple V < H < V’ and let u € L?(0,T; V). If there exists w € L4(0,T; V'),
such that

£T<u(t),v)g¢’(t)dt = - £T<w(t),v>vrv¢(t)dt YveV, V¢eCl(0,7T)), (2.31)
then i := w is the generalized derivative of u and
d ,
E(u(z‘), v = @@, vy VYv ae.te(0,T). (2.32)
We define the space, which is going to be the solution (or trial) space for weak parabolic PDEs
W(0,T) := {ue L*0,T; V), i € L*(0,T; V')}, (2.33)

and state some of its important properties.
Proposition 2.2.1. Let V — H — V'’ be a Gelfand triple. Then the following hold:

o The space W(0,T) is a Hilbert space with the inner product

T
(u, Viw,r) = f(; [Ku(@), v(D)y + @), v(D)v 1dt,  u,v e WO, T), (2.34)

where (u, vYy: :={Ju, Jvyy, and J : V' — V is the duality mapping from the Riesz representation

theorem.

15



16 CHAPTER 2. MAGNETOQUASISTATIC APPROXIMATION OF MAXWELL’S EQUATIONS

o There is a continuous embedding
W(O,T) — C@O,T; H). (2.35)

More precisely, for u € W(0,T) there exists a unique continuous function u : [0,T] — H, such

that u = u a.e. in [0, T] and we have

3AC > 0 : max [lu@®llg < Cllullwo,r)- (2.36)
1€[0,T]
o foru,ve W(0,T)andt,t; € [0,T], t; < ty, the generalized integration by parts formula holds:
5]
(u(t2), vV(t2)yu — (u(t), v(t1))m = f [Ci(s), v(s)vrv + (V(s), u(s))vrvlds. (2.37)
1
Proof. See [54]. O

2.2.3 Existence and uniqueness of weak solutions

In this subsection we present the mathematical analysis of magnetostatic and magnetoquasistatic prob-
lems. In the following definition we list some important properties of an operator, which will be essential

in this analysis.
Definition 5 (see [55]]). Let V be a Banach space and A : V — V' be an operator. Then

o A is called monotone iff

(Aw) —AW),u —v)yry =0, VYu,veV,

A is called strongly monotone iff AC > 0 such that:

(Aw) — AW, u = vyyry = Cllu =I5,  Yu,veV;

A is called coercive iff

(A(w), wyyry

— 00, as |lully — oo;
llully

A is called Lipschitz continuous iff AC > 0 such that:

(A@) = Aw), v)yry < Lllu =wllvlvlly,  Yu,w,v e V;

A is called hemicontinuous iff the mapping
s = (A + sw), vyyry

is continuous on [0, 1], Yu,v,w € V.

Firstly, we discuss a domain structure and a structure of the nonlinearity, which is common for both

stationary and non-stationary problems. We recall that Q ¢ R? is a bounded domain with a sufficiently

16



2.2. ANALYTICAL BACKGROUND 17

smooth boundary I' =: 9Q, such that I' = [pUTyand T3 NIy = 0, and i = 1j(x1, x2) denotes the
outer normal vector to I'. Let £y denote the subdomain, which consists of ferromagnetic material. Let
Qir = Q\ Q + be the subdomain, which consists of all other materials, i.e. the magnet areas €4,
the coil areas Q. and the air gap regions €,. We assume that the interface lines between the materials
are piecewise C2 and Lipschitz continuous. We now define the magnetic reluctivity function for our

problem:

vi([Vul), for x € Q,
v(x, [Vul) = v, for x € Quir \ Qg (2.38)

Vimags for x € Qyag,

where v; is a nonlinear function that is defined via B — H curve (2.14), vo = 47 x 107 is the reluctivity
of vacuum (which is also a feasible value for the reluctivity of air) and v, is the reluctivity of the
permanent magnet material. For simplicity of presentation, we set v, = v and use the value v, =

vo/1.086 for numerical examples in this thesis. Then we have

v(x, [Vul) = xa,()vi(IVul) + xa,, (X)vo. (2.39)

The magnetic reluctivity v : Q x Rj — R{ satisfies the Carathéodory condition [12]; i.e., for every
s € Rar the function v(:, s) is measurable, and v is continuous in s for almost every x € Q. Furthermore,
due to (2.16)), we have that

vig < [v(x,5)| <vp < oo ae.inQ, Vs €RY, (2.40)
which implies that v(:, |Vu(-)|) € L*(Q) for eachu € H Q).

Remark 6. We note that v(x, s) satisfies 2.184) and (2.18b) for all x € Q. It follows from the Corollary
that the mapping R > s = v(x, 5)s € R] is strongly monotone with monotonicity constant vy g and

Lipschitz continuous with Lipschitz constant vy.

We consider a two-dimensional nonlinear magnetostatic field problem, that is, a stationary case of

problem 2.12):

=V ((|IVu)Vu) = f inQ
u=0 in I'p (2.41)
(IVul)Vu] -77=0 onTy

We proceed with an abstract formulation of problem (2.41). Let I's be a Dirichlet boundary with

meas(I'g) > 0. The function space V is such that
Vi={v: ve H(Q), v, = 0}. (2.42)

The inner product on V is defined by (w, v)y = fQ Vw - Vv dx and the induced norm is given by |[v||y =

(v, v){,/ 2, which is indeed a norm due to Poincare-Friedrichs inequality [[11]. We introduce the nonlinear

operator A : V — V’, which stems from the integration by parts of the left-hand side of equation (2.41)),

17



18 CHAPTER 2. MAGNETOQUASISTATIC APPROXIMATION OF MAXWELL’S EQUATIONS

defined by
(A(u), vYyry = alul(u,v) = js; v(x,|Vu))Vu - Vvdx, VYu,ve, (2.43)
where alu](u, v) is the induced quasilinear form. The weak form of the right-hand side of equation (2.41))
reads:
(fivyvy = fg(]ev - Hpm’zj_; + Hpp 1 ;—;;)dx, (2.44)

where J, € L*(Q) represents the current density and H 1, Hppp € L*(Q) are the components of the
permanent magnet magnetic field. We note that the integrals, appearing in (2.43) and (2.44), are well-
defined. Then the abstract formulation of problem (2.41)) reads as follows: find u € V such that

(AW, vivry ={fiv)vry, YveV. (2.45)

The governing weak PDE (2.43)) is then of a quasilinear elliptic type. For existence and uniqueness of

solutions of problem (2.45)), we use a theorem, provided by Zarantonello.

Theorem 7. ([55, Theorem 25.B]) Let V be a Hilbert space, f € V' and A : V — V' an operator,
which is strongly monotone and Lipschitz continuous. Then the operator equation A(u) = f has a unique

solutionu €'V.

Proof. See [55]]. O

In order to apply Theorem [7] to our problem (2.45), we need the following Lemma [§] Due to its
overall importance not only for the current analysis, but also for the upcoming error bounds in the next

sections, we provide the proof of this lemma.

Lemma 8 (see [24]). If v(x,-)- : Rg — Rg is strongly monotone with monotonicity constant vig and
Lipschitz continuous with Lipschitz constant vo. Then the nonlinear operator A is strongly monotone

with monotonicity constant m, := vy g and Lipschitz continuous with Lipschitz constant L, := 2vig + Vo.

Proof. First we show that the mapping v(x, | - [)- : R? — R? is strongly monotone with monotonicity

constant vy g. By assumption, it holds that

(v(x, IpDIpl = v(x, laDla)(pl - lal) = vz (pl - la))’,

which implies that

v(x, IpDIpP = vis(pl - lql)® + (v(x, pl) + v(x, la)Ipllal — v(x, aDlgl.

It follows from the above inequality that

(v(x, Iphp — v(x, laDg)(p — q) = v(x, IpDIp* + v(x, laDlgl* — (v(x, Ip]) + v(x, la))p - q
> via(1pl - lal)* + (v(x, [pl) + v(x, laD)(Ipligl — p - @)
> va(lpl - lal)* + 2vez(pllal — p - @) = veslp — gl

18



2.2. ANALYTICAL BACKGROUND 19

We now set p = Vu, q = Vv and apply the estimate above to establish the strong monotonicity of A:

(A(w) — AW),u —v)yry = alul(u,u —v) —a[vl(v,u —v)

= f(v(x, [Vu)Vu — v(x, [Vv)Vv) - (Vu — Vv)dx
Q
> vLBf IVu — Vol dx = mgllu — VI3,
Q
We now prove Lipschitz continuity of the mapping v(x, | - |)-. We have the following estimate

[v(x, IpDp — v(x, laDa| = [v(x. Iph(P — @) + (v(x, Ip]) — ¥(x, lq]))q]
< v(x, IpDIp — gl + |(v(x, Iph) = v(x, lqD)lal|
= v(x,|pDIp — gl + |v(x, IpD(Ipl — ) + v(x, IpDIp — v(x. lqDlq|
< 2v(x,|pDlp - al + |v(x. IpDIpl - v(x. laDlql|

By the assumption on Lipschitz continuity of v(x, -)-, it holds that

[v(x, IpDp — v(x, laha| < @v(x, Ip) + vup)lp — al < 2vis + vo)lp — gl = Lalp — ql.

We now apply the estimate above to establish the Lipschitz continuity of A:

(A(u) = AW), vy = alul(u, w) — a[v](v,w)

= f |[v(x, IVuD Vi = v(x, [Vv) V] - Vw|dx
Q

< f |v(x, [Vul)Vu — v(x, IVvl)Vv’Iledx
Q

<L, f [Vu — Vv||[Vwldx < Ly|lu — vilvlwlly.
Q

All together, the well-posedness of problem (2.45]) follows, so that (2.45]) admits a unique solutionu € V.

Further we present the analysis of magnetoquasistatic problem (2.12). We set V as in (2.42)) and
H := L*(Q) and consider a corresponding Gelfand triple V < H < V’. We multiply equation by
an arbitrary function v € V and integrate over the domain € to obtain the following weak formulation of
problem: find u € W(0, T') such that

o u(®), vivry + (Au@)), viviy = (f(@),v)vv ae.t€(0,T) (2.46)
u(0) = u, € H.

Here the operator A : V — V' is given by and f € L*(0,T;V’). Derivative it is understood in the
generalized sense, specified in (2.32)). Moreover, the initial condition is well-defined in H due to the
continuous embedding W(0, T) — C(0, T; H) (see Proposition [2.2.T).

We can write a weak formulation of (2.12) in a way, which would let us treat the space and time
variable similarly. Precisely, we multiply equation by an arbitrary function v € L?(0, T; V) and integrate

over both the domain Q and the time interval (0, 7). In addition, we incorporate an initial condition in a
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20 CHAPTER 2. MAGNETOQUASISTATIC APPROXIMATION OF MAXWELL’S EQUATIONS

weak manner. Then a space-time variational formulation reads: find u € W(0, T') such that

Blul(u,v) = F(v), Yv:=0Yv?P)eL*0,T;V)xH, (2.47)

where
mmmmyzl}mmmww+qmmmmmuwmmm®m,md (2.48)
F(v)::~13f;vu)hﬂvdt+(uon}n)H. (2.49)

We note that the space-time variational formulation is equivalent to the weak formulation (2.46)
(see, e.g. [28]). For existence and uniqueness of solutions to problem (2.47), we need the following

theorem.

Theorem 9. (/55 Theorem 30.A]) Let V.— H — V'’ be a Gelfand triple and let u, € H and f €
L0, T; V). If

1. operator A : V — V' is monotone, hemicontinuous, coercive and bounded;
2. the mapping t — (A(u(t), v)y+v is measurable on (0,T), Yu,v €V,
then the problem has a unique solution u € W(0,T).
Proof. See, e.g. [53]] O

The strong monotonicity of the operator A implies its monotonicity. Lipschitz continuity of A implies its
hemicontinuity and boundedness. We are left to show that the operator A is coercive: it easily follows
from the fact that v is bounded from below by v;p. Therefore, the first point of the Theorem [J] is
satisfied. The magnetic reluctivity v satisfies the Carathéodory condition, therefore the second point of

the Theorem [J]is satisfied. All together, it implies that problem (2.47) admits a unique solution.

Remark 10. We note that hemicontinuity easily follows from the continuity of v on R} and (2.40) easily
implies boundedness of A.

2.2.4 The Newton operator

Application of Newton’s method requires knowledge of the Frechét derivative A’(u) : V — V’ of the
operator A. In the context of our problem, we have the following definitions of various derivatives in

Banach space.

Definition 11 (see [28]). Let V be a Banach space and A : U C V — V' be an operator, U # 0 open.
Then

o A is called directionally differentiable at u € U if the limit

A(u + €h) — A(u) i

Alu+eh) eV’
de

e=0

dA(u,h) = lim
€E—

exists for all h € V. In this case, dA(u, h) is called directional derivative of A in the direction h.
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2.2. ANALYTICAL BACKGROUND 21

o A is called Gateaux differentiable (or G-differentiable) at u € U if A is directionally differentiable
at u and the directional derivative A’(u) : 'V 3 h — dA(u,h) € V' is bounded and linear, i.e.,
A'(u) e L(V,V').

o A is called Fréchet differentiable (or F-differentiable) at u € U if A is Gateaux differentiable at u
and the following condition holds:

(A + eh) — A@w) — A W)(eh), vyvry| < o(@lIAllvIMIy,

where o(-) denotes the Landau “small o” notation.

We split the operator A into two parts, which correspond to ferromagnetic and linear materials

(A(u), v)yry = f vi(\Vu|)Vu - Vvdx + f voVu - Vvdx. (2.50)
Q_f Quair
For Vu # 0, we form the directional derivative dA(u, k) and test it with an arbitrary v € V to obtain

d
dA(u, h), vy = Te
€

| f vi(IV(u + eh))V(u + €h) - Vvdx + f voV(u + €h) - Vvdx|  (2.51)
Q; Q

air

e=0

Vi (IVul)
= Vil (Vu-Vh)(Vu - Vv) + vi(|Vu|)Vh - Vdx + voVh - Vvdx.
Qf u

Qgir

In general, for p = 0 the mapping R? 3 p — v(|p|) is not differentiable, but the mapping R?> 5 p
vi(lp))p is. Indeed, let p € RZ, |pl > 0, then

vi(lepDep —v1(0)0

lim = limv,(lep|)p = v1(0)p. (2.52)
e—0 e—-0 e—0
Therefore, for Vu = 0 we have
d
(dA(u, h),v)yy = — [f v1(|eVh|)eVh - Vvdx—i-f voV(u + €h) - Vvdx] (2.53)
dE e=0 Qf Qair

:f V1(0)Vh-Vvdx+f voVh - Vvdx.
Qf Quir

Linearity of the mapping & +— dA(u, h) is obvious, therefore we write dA(u, h) = A’(u)h. We define the

differential reluctivity tensor Vgr : RZ — R2xZ;

(gl
. villgh! + V1|qf qq",  forq#0,
var(q) =

(2.54)
vi(lghl, for g = 0,

where I € R?*? denotes the identity matrix. Moreover, for a fixed R> 3 ¢ # 0, we can compute the

eigenvalues and eigenvectors of V4¢(q) (see, e.g. [42]):

1 — J_= , =(—q2, T,
1(@) = ¢ = vi(lql) vi = (=42, q1) (2.55)

() = g = viql) +vi(gDlgl, va = (q1,¢2)" .
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Then we introduce the general differential reluctivity tensor vgr : Q X R> — R?*?, given by
vae(x, @) := xo,(0)Var(q) + xa,, (X)vog. (2.56)
Then the derivative of the operator A can be written as
(A" (Ww, VI)yry = fg vae(x, Vu)Vw - Vvdx. (2.57)

We now prove the following lemma.

Lemma 12. Let u € V, and define the bilinear form (A’ (u)w,v)yy = dalul(w,v). Then dalu](-,") is

coercive and continuous, i.e.,

dalul(v,v) > vglvlly, Vv eV,

dalul(w,v) < volwllvllvlly, Yv,w € V.
Proof. We use the computed eigenvalues (2.55)) and bound (2.18a) to prove coercivity
dalul(w,w) > Lmin{/ll(Vu), L (Vu)}Vw - Vwdx > VLBHW”%/,
and similarly with bound we prove continuity
dalul(w,v) < L max{A;(Vu), A,(Vu)}Vw - Vvdx < volw|lvIVIly.

O

From Lemma we conclude that A’(u) € L(V, V') and hence the operator A is G-differentiable. More-
over, for p, g € RZ, p # 0, it holds

(Ip)
vip + eq)(p + eg) —i(php = eni(phg + evllpf (p- @)p + o(elql), (2.58)
and implies that
KA + eh) — AGu) — A" (u)(eh), vy < fg o(el V) Vvidx < o(@lAllyIv]lv- (2.59)

Therefore, we established that the operator A is F-differentiable with continuously invertible F-derivative

A’(u), which will be subsequently used to solve arising nonlinear equations with Newton’s method.
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Chapter 3

The Reduced Basis Method

3.1 Overview

Consider an exact solution map @ : D — V for some parametric partial differential equation, where
P c RP is a compact parameter set, V is an appropriate Hilbert space and ®(u) € V is the certain

solution of our PDE. Its image induces the solution manifold
M:=0D)={uweV:peDcV. (3.1)

The main idea of the reduced basis method is the realization that, in many instances, the solution man-
ifold (3.1)) can be approximated sufficiently well by its projection on a low-dimensional linear subspace
Vi, spanned by appropriately chosen snapshots ®(i11), ..., P(iy), i1 € D, ..., jiy € D. The good approx-
imation space Vy attempts to minimize the Kolmogorov N-widths

dyM; V) == inf  6(M; V), 3.2)
VycV
dim(Vy)=N
where by
O6(M; V) :=sup inf |lu(u) — vyllv (3.3)
HED vNEVN

we denote the deviation of Vy from M. The optimization problem (3.2)) is difficult to solve, therefore
the heuristic Greedy procedure, based on the linear search in the parameter set 9, was proposed [50].
The Greedy algorithm iteratively picks up the snapshots from M and constructs the approximation space
V. Convergence results for the Greedy procedure are achieved by applying the convergence rates of the
Kolmogorov N-widths, see e.g. [9] and [|6] for respective exponential and algebraic convergence rates.

In actual practice, we do not have an access to the exact solution of the problem and thus to the so-
lution manifold M, therefore we replace @ with its truth approximation ®;, obtained, e.g. by a Galerkin
projection on a suitable finite element approximation space V;, C V of very large dimension N. We
assume that the induced M, can be made as close to M as desired by choosing an appropriate discretiza-
tion.

The efficient implementation of the Greedy procedure requires a-posteriori error estimates or bounds
and also certain structural assumptions on the problems of interest, such as the parameter-separability,

which leads to the offline-online decomposition. In this chapter we sketch the main ingredients of the
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reduced basis modelling for linear elliptic and parabolic PDEs. We refer the reader to [21},/43] 25] for the

comprehensive introduction into reduced-basis methods and to [41] for the brief overview of the field.

3.2 Reduced basis method for linear elliptic PDEs

In this section we briefly outline the reduced basis method for linear elliptic problems with coercive

differential operator (see e.g. [22] for the detailed treatment).

3.2.1 Abstract formulation

Let Q ¢ R? be the spatial domain and p € D c RP, where D is a compact parameter set. Let V C H'(Q)
be a separable Hilbert space. We denote by (-, -)y and ||-||y the inner product and induced norm on V. For
given u € D we consider a linear, bounded, coercive differential operator A(u) : V — V’ with induced

bilinear form a(-,;u) : VXV — R:

a(u, vy ) := (A(u, v)yry. (3.4)

For given f(-;u) € V', we consider the weak form of parametrized elliptic PDE or truth problem: given
u € D, find u(u) € V such that

a(u(u), v ) = fv, ), VveV. (3.5
We assume that bilinear forms (3.4) are coercive on V with coercivity constants a(u) > 0, i.e.
a(v,v;p) = eIV, v eV, (3.6)
and continuous on V with continuity constants y(u) > 0, i.e.

la(w, v; | < ylwllvlvlly  Yw,ve V. 3.7

In addition, we assume that these conditions hold uniformly:

a = inf a(u) >0, 7y :=supy(u) < co. 3.8)
ueD ueD
Lax-Milgram lemma [54]] implies that problem (3.5) admits a unique solution u(u) € V.
Besides, we assume that problem is parameter separable or affinely decomposed, i.e., there are con-
tinuous mappings 0,4,6r4 : O — R and continuous forms a, : VXV - R(1 <¢g< 0., f;: V>R
(1 < g < Qp) such that

Qq Oy
aw,vi ) = ) ug(agw, v, fO,p0) = )" 0740 fy ). (3.9)
g=1 g=1

3.2.2 Finite Element Truth Approximation

We introduce a high dimensional finite element discretization (or truth approximation) of problem (3.3))

in the space Vny = span{¢i,...,¢n} C V of piecewise linear and continuous finite element functions.
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The finite element approximation of problem (3.3) is obtained by a standard Galerkin projection: given
u € D, find un(u) € Vi such that

aun(), v ) = fvns ),  Yvn € V. (3.10)

Given the ansatz uy (i) = Zﬁ L un j()@; for the discrete solution and testing against the basis elements

in Vj leads to the system

An(un ) = Fn (), (G.1D)

of linear algebraic equations, where Fx/(u) := {f(@;u)}?il € RN and Ap(p) := {a(¢;, ¢,~;,u)}f\§.:1 €
RNV*N | We assume that a single solution of (3.11)) requires O(N'?) operations, resulting from A steps of

an iterative solver at cost O(N) for each matrix-vector multiplication.

3.2.3 Reduced basis approximation with the Greedy method

To perform the reduced basis approximation, we first introduce a subset Dy, € D from which a
sample Dy = {11 € D, ..., iay € D} with associated reduced-basis space Vy = span{(, = upn(fiy), 1 <
n < N} of dimension N, which is built with the help of a weak greedy algorithm. This algorithm
constructs iteratively nested spaces V,,, 1 < n < N using an a-posteriori error estimator A(Y; 1), which
predicts the expected approximation error for a given parameter u in the space V,, = Y. We want the
expected approximation error to be less than the prescribed tolerance egp. We initiate the algorithm
with an arbitrary chosen parameter ji; with the corresponding snapshot ux/(fi1) for the basis enrichment.

Next we proceed as stated in the following Algorithm [I, We note that the basis functions £, are also

Algorithm 1: RB-Greedy algorithm

1 Input: Tolerance ggp, max. number of iterations Nnax, V1 = span{un(ii;)}, parameter set
Dtrain cD
2 Output: RB spaces {V,,}Y

n=1
1: while n < Nyux and g, := max A (Vj,,u) > egp do
.UEDrmin
20 fly < argmax A (Vy-1, 1)
ﬂEZ)train

3: Dy — Dyy U litn}

4 Vi < Vi @ Span{gn = un(ftn)}
5.

6

: n—n+1
: end while

orthonormalized relative to the (-, -)y inner product with a Gram-Schmidt procedure to generate a well-

conditioned system of equations.

Remark 13. We note that the error sequence {(’5‘,1},!1\;1 is only a training error in statistical learning
terminology. The quality of the reduced basis model is then typically tested on Diesy C D to prevent

overfitting, i.e. nglx A (Vs ) >> erp, where Dy, is chosen such that Diesy N Dypain = D.
HEDest

The reduced basis approximation of problem (3.10) is then obtained by a Galerkin projection: given
u € D, find uy(u) € Vy such that

a(un(),vns ) = fvn, ), Yvn € V. (3.12)
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26 CHAPTER 3. THE REDUCED BASIS METHOD

Given the ansatz uy(u) = 21}]: L uy j(u){; for the discrete solution and testing against the basis elements

in Vi leads to the system

An(uy () = Fy(w), (3.13)

of linear algebraic equations, where Fy(u) := {f(gj;,u)}?’:1 e RN and Ay(u) := {a(gj,g,-;u)}szl e RVXN

Remark 14. We note that the RB stiffness matrix An(u) is small, but dense, compared to An(u), which

is typically large, but sparse. We assume that a single solution of (3.13)) requires O(N?) operations,

resulting from N steps of an iterative solver, where we perform dense matrix-vector multiplications or

direct inversions at cost O(N%). We also note that the Gramm-Schmidt orthonormalization procedure
pAlD)

guarantees that the condition number of An(u) is upper bounded by I

It follows from the affine decomposition (3.9) of problem (3.3) that

Q. Oy
AN = ) OugANg  Fn) = > 07g()Fng(v), (3.14)
q=1

g=1

where Fy,, := { fq(gj)}y: L €RY (1 < g < Qp), and Ay, = {ay(L), {i)}fszl eRVN (1 <g< Q) It
implies the so-called offfine-online decomposition: the computations in the offline phase depend on the
dimension N of the finite element space and are expensive, but should be performed only once. The
computations in the online phase are usually independent of N\ and thus are inexpensive. Precisely, we
assemble the matrix Ay(u) and the right-hand side Fy (1) at cost O(Q,N 2yand O(Q rN) respectively, and

then we invert A y(u) at cost O(N?).

3.2.4 Error estimation

An important ingredient of the reduced basis methodology is the verification of the error (certification
of the reduced basis method). It is based on an a-posteriori error bound, which allows quick evaluation
and only requires the knowledge of reduced-basis solution. We denote by r(-; i) € V, the residual of the

problem, defined naturally as:
rns ) = fns ) — alun, vas i), v € V. (3.15)

The residual-error relation r(va; i) = a(un — un, vy; ) yields together with the coercivity condition:

7G5 0llvy,
llun () = un(lly £ ————= =1 a(w). (3.16)
a(w)

If a(u) is not avaiable analytically, the SCM (successive constraint method) approximation can be applied
to obtain ayp(u) with arp(u) < a(w) [31]. We choose A(M; Vy) := sup A (u) to measure the deviation

ueD
8(M; V) in (3.3), where 6(M; V) < A(M; V).
The computation of ||r(-; ,u)llv;V requires the knowledge of its Riesz representer v,.(u) € V. Thanks

to the Riesz representation theorem, it can be obtained from the equation

(W), vy = r(vasp) Yoy € V. (3.17)
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3.3. REDUCED BASIS METHOD FOR LINEAR PARABOLIC PDES 27

The parameter separability structure of the residual

Or
NI = D Org(rg(V)
g=1
is transferred by the linearity of the Riesz isomorphism to the parameter separability of its Riesz repre-
senter v,(u) together with the parameter dependent functions 6,, : & — R. Therefore, for 1 < g < O,

we have

Or
V() = ) Org (Vg With (g, vy = rg(v)  Yvy € V. (3.18)
g=1

Since the dual norm of the residual is equal to the norm of its Riesz representer, we have

IrCs llvy, = v @llv = (@ (@) G ()2, (3.19)

where @ (1) = {d);(/u)}g:"l € R% and G, € RZ*% with (G,);4 = (V; ¢, Vr ¢)v and the dual norm is then
computed at cost O(Q?).

3.3 Reduced basis method for linear parabolic PDEs

In this section we consider a space-time variational formulation of linear parabolic partial differential
equations, which we denote as the exact problem. The corresponding discrete Petrov-Galerkin approx-
imation is called the truth problem, as it is common in the RB setting. We assume that the solution to
the exact problem can be approximated arbitrarily well by the discrete solution of the truth problem. We
then neglect the corresponding approximation error. This section and the proposed concept is based on

the author’s master thesis [36].

3.3.1 Space-Time formulation

Let Q c R? be the spatial domain and u € D c RP, where D is a compact parameter set. Let V ¢ H'(Q)
be a separable Hilbert space and H := L*(Q). We denote by (-, v, -, g and |||y, |||z corresponding
inner products and induced norms, respectively. To V and H we associate the Gelfand triple V — H —

V'’ with duality pairing (-, -)yy. The norm of [ € V’ is defined by ||/||y» :=  sup (L, ¥)vv/|¥lly. For
yeVlilly#0
given u € D we consider a linear, bounded differential operator A(u) : V — V’ with induced bilinear

form
(AWu, vyvry = alu, v; p). (3.20)
We assume that the forms (3.20) are coercive on V with coercivity constants a(u) > 0, i.e.
a(v,v;p) = ey, Yvev, (3.21)
and continuous on V with continuity constants y(u) > 0, i.e.

la(w, v I < y@lwllvlvlly - Yw,veV. (3.22)
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In addition, we assume that these conditions hold uniformly:

a = inf a(u) >0, y:=supy(w < oo. (3.23)
ueD neD

For given (g(-; W), u,) € L*(I; V') x H we consider the linear parabolic initial value problem of finding
u(t) ;= u(t;u) € V,t € I a.e. on the time interval I = (0, T'], such that

u(t) + A(qwu(r) = g(t) in V', u(0) = u, in H, (3.24)

where it := % is understood in the generalized sense. We now define a space-time variational formulation

of (3.24). We use the trial space

X:=W(O,T)=L*LV)NH\L, V') = {ve L*(I; V) : v,v € LX(I, V')}

with the norm [w]j3 := ||W||i2(1,v,) + ||w||§2(1,v), and the test space Y := L*(I; V) x H with the norm
||v||2y = ||V(1)II%2(I;V) + V@2, for v := (v, v?). The weak formulation of problem (3.24) reads: find

u := u(u) € X such that

B(u,viu) = Fiv;u), Yvely, (3.25)

where
B(u,v;u) = f1<u, v(1)>va + a(u, V(]);/J)dt + <(u(0), v(2)>H, and (3.26)
P i= [ (0 Vvt + G (3.27)

Since X < C(I; H), the initial value u(0) is well-defined in H (see Proposition 2.2.1). The well-
posedness of problem (3.25) follows from (3.23)), so that (3.25)) admits a unique solution u(u) € X
for all u € D, see e.g. [[54, Proposition 23.30].

3.3.2 Petrov-Galerkin Truth Approximation

From here onwards we omit the dependence on u wherever appropriate. For the temporal discretization of
(325) we use the time grid 0 = 1* < ¢! < ... < tK = T and set I* = (71, *] fork = 1, ..., K. We set Atk =
% — =1 and define Ar := max<g<k atk. For the spatial discretization we set Vj, = span{¢i,...,¢n,} C V
as our finite-element space, where dim V), = N}, and & denotes the spatial discretization parameter. With

0 := (at, h) we introduce the discrete trial space
Xs = {us € COUL V), uslp € Pr(T5, V), k=1,..,K} c X
and the discrete test space

Ys = {vs € LXI; V), vslp € Po*, Vi), k=1,..,K}x V, C Y.
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With these choices of spaces the fully discrete truth approximation problem reads: find us := us(u) € Xs,
such that ug = us(0) = P}I’{uo and

B(us,vs; ) = F(vs; 1) Yvs € Y, (3.28)
where PZ : H — V), denotes the H-orthogonal projection onto V. It follows as for (3.25) that problem

(3.28)) admits a unique solution us € Xs.

The Petrov-Galerkin space-time discrete formulation (3.28)) can be interpreted as the Crank-Nicolson
time-stepping scheme. Indeed, since the test space Y consists of piecewise constant polynomials in time,

the problem can be solved via the following procedure fork = 1, ..., K:

ﬁ(ud, vivv + a(us, vy )dt = f;(g(u), viyvrvdt  Nvy € Vi (3.29)
I I
Since the trial space X consists of piecewise linear and continuous polynomials in time with the values
u'g := us(fX) and u’g‘l = us(*1), we can represent us on I¥ as the linear function
1
us(f) = m{(r" k(= Ny, e IR, (3.30)

We use the representation (3.30) in (3.29), test (3.29) against the basis functions ¢; € V}, (i = 1,..., Nj)
and use the trapezoidal quadrature rule for the approximation of the appearing integrals. We introduce

the following notation

_ 1 _
&1 p) = §<g(tk;ﬂ)+g(t" LW, vy

From now on, time index k — 1/2 means the average of the quantitiy at time k and k — 1. In this way we

obtain the Crank-Nicolson time-stepping scheme, which for k = 1, ..., K reads

- k=1/2 - .
(= us™  pom+ o aGs 2, g ) =8 18 PG, 1 <i < N (3.31)
Here we recall that the initial condition ug is obtained as an H-orthogonal projection of u, onto V. Given
the ansatz u’g = Zf\:/”l uf.‘gb,- and defining u'g = {ui.‘};\:/’l1 € RN, the resulting linear algebraic equations are
then given by

1 _ _ _
— M — ™ + Aou = g7 ) (3.32)

where M}, := {(¢,~,¢,-)H}l’.jh:1,Ah(y) = {a(gi, ¢}, € RMNiand the right-hand side g P =
{8 2(¢i; M € RMi. The initial condition for the time-stepping scheme (32) is given by u? :=

i=1

{(or $)m)Yy € RN,

i

Remark 15. The space-time variational problem (3.25)) can be discretized using finite-dimensional dis-
crete trial and test spaces X5 C X and Y5 C Y build up from finite-dimensional temporal subspaces of
the form

SP = {var € LX), vl € PpUI5), k= 1,...,K}
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and spatial subspaces Vi, C V. Then we have the space-time tensor product representation

Xs = Sit®Vh, Ys = (SZ;®Vh)XVh-

Let p = land g = 0, i.e, Sit := spanf{o!, ...,0cX} ¢ H'(I) and Sg, = span{t!, .., 7%} c L*(]) are

piecewise linear and piecewise constant finite element spaces in time. Discretizing the bilinear form
B(-,-; u) using the bases for the corresponding tensor product spaces leads to the following matrix with

Kronecker product structure

B(S(IJ) = NAZ‘®M/1 -1'-\/[MAI®Ah(/J) ’
h

where M ,; = {(O’k,Tl)Lz(l)}llilzl, N, = {(*, TI)L2(1)}11<<,1:1 are temporal finite-element matrices. This choice
of bases and additional approximation of the right-hand side by the trapezoidal quadrature rule leads to
the Crank-Nicolson interpretation [49]. However, in the space-time discretization setting we can obtain
the discrete solution by solving a single linear system without appealing to time-marching schemes (see,
e.g. [3l]). We refer the reader to [49, 17] for details on the space-time reduced-basis method for linear

parabolic problems.

3.3.3 Proper Orthogonal Decomposition (POD)

The aim of the POD method is to describe the solution trajectiory space V = span{u(t),t € [0,T]}

by means of few orthonormal functions {:,bi}le c V, with £ < d := dim“V, such that the error of the

sense:

¢ 2

trajectory projection onto the POD subspace V, = span{y, ...,¥s} C V is minimized in the following
u(t) = > G, yiyv|| (3.33)
i=1

T
min f
Ui, We€V Jo
\%

S.t. <lﬁi,lﬁj>v = 5,‘]', forl1 <i,j<¢,

where 6;; denotes the Kronecker symbol. The problem (3.33)) is known as the continuous version of the
POD method [51f]. In practice, we do not have the PDE solution u : [0, 7] — V, but rather a discrete set
of snapshots, stored in the snapshot matrix

U:i=|u) u ... uf|eRM>&D (3.34)
| |

which is obtained, e.g., by the Crank-Nicolson scheme. The integral in (3.33)) is approximated by the

K
k=0

our PDE discretization. Given the ansats ¢; = Zj.\fl lﬁj.qb,- and the isomorphic correspondence ; — ¥; :=

{ 3}?2’1 € R, the fully discrete counterpart of problem (3.33) reads:

quadrature rule, where the quadrature points are chosen according to the specified time grid {#}X  in

2

4
uf - ) (ul, Pow (3.39)

i=1

K
min E Bk
N;
Yy,...,.WreRNh =0

w
s.t. (¥, ¥jdw = 6;j, for 1 <, j < ¢,
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where W = {{(¢;, ¢ j)v}?;f’zl € RN Ni jg a symmetric positive definite inner product matrix with (u, v)w =

u’ Wv and {ﬂk}sz o are non-negative quadrature weights for fOT -dt. For the chosen trapezoidal quadrature
rule we have

at! AN N
Bo=—,Px=———f"ork=1,.,K—-1land Bx = —. (3.36)
2 2 2
The problem (3.35) admits a unique solution {¥, ..., ¥}, which corresponds to the first £ eigenvec-
tors, corresponding to £ largest eigenvalues of the self-adjoint, non-negative, linear and bounded operator

R: RN — RN je., RY; = A,¥;, where R is defined as follows

K
RY =" fiiul, Vyw uf, ¥ eRY. (3.37)
k=0

The POD projection error then satisfies

K ¢ 2k«
D Beful - >k wowwil = > (3.38)
k=0 i=1 W i=t+1

K+1

Hence, the fast decay of eigenvalues {4;},_]" is important for an application of the POD method.

The eigenvalue problem (3.37) can be transformed to a generalized eigenvalue problem in a matrix
form. Let D € RE+*DX(K+D) be 3 diagonal matrix with quadrature weights (3.36) on the diagonal. Set
P, = W2, hence (Wi, ¥ )gmi = Wi, ¥ j)v = 6;; and consider

W!2UDUTW!29, = 4%, 1 <i<K+1, (3.39)
S.t. <q]i’qu>RNh = (5,’1' (3.40)

Set U = W!/2UD!/2 and consider the symmetric eigenvalue problem
UT0¥, =49, 1<i<K+1 (3.41)

After finding the eigenvalues and eigenvectors of problem (3.41)), we set

1
Vi

to obtain the POD modes of interest. We note that (3.42) represents a linear combinations of columns of

¥; wW-12UD!/2y, (3.42)

(3-34), i.e., a linear combination of our time snapshots.

For notation purposes, we use PODg({u’g}II;O) to denote the extraction of £ dominant modes. For
example, we have PODl({u’g},{iO) ={yY; = Z;.V:hl w}¢j}, where ¥, = {w}}?ﬁl is computed as in (3.42).
‘We refer the reader to [51]] for more details on the POD method.

3.3.4 Reduced basis approximation with the POD-Greedy method

The idea of the reduced-basis approximation consists in replacing the “truth" (high-dimensional) space

Vi, in the definition of X5 and Ys by a low-dimensional subspace Vy C Vj,. With Vy available we
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introduce the corresponding reduced trial space
Xarw = tuy € CUL V), unlp € PLI*, Vi), k=1,.., K}
and the reduced test space
Yurwy = {vw € LP(I; V), vyl € PoU*, V), k= 1,.., K} x Vy.

We construct Vy := span{£y, ...,éx} C Vj, by the POD-Greedy procedure in Algorithm [2] compare e.g.
[22]]. In our setting, the POD-Greedy alogorithm constructs iteratively nested spaces V,,, 1 < n < N using
an a-posteriori error estimator A(Y;u) (see the next section for details on a-posteriori error analysis),
which predicts the expected approximation error for a given parameter £ € Dy, in the space Y := Yy p.

We want the expected approximation error to be less than the prescribed tolerance egp > 0. We initiate

0
0

assumption in Proposition[3.3.1] The snapshots us(u) for the procedure are provided by the parametrized
“truth" approximation (3.28)). Next we proceed as stated in the Algorithm[2] In Algorithm[2] Py : V;, —

the algorithm with the choice of the initial basis vector &1 := u /||ug||V; this choice is motivated by the

Algorithm 2: : POD-Greedy algorithm

1 Input: Tolerance egp, max. number of iterations Nyax, V1 = span{£;}, parameter set Dy qin.
2 Output: RB spatial spaces {V,,}"Y_, RB trial spaces {X At’n}N RB test spaces {V At,n}nN:y

n=1’ n=1’

1: while 2 <n < Npax and g, := max A (Yo, 1) > erp do
ﬂEDrmin

2: [en, /Jn] < argmax A (yAt,n—l s )u)
/JeDrrain

3 eh = uk(uy) - Pyub(uy), k=1,...K
4 & =POD({ef}E )

50 Vui= Voo €D span{é,}

6:  Xatn & Xarn-1, Yarn & Yarn-
7: n—n+1

8: end while

V., denotes the V-orthogonal projection, and the operation PODl({eﬁ}f: ,) denotes the extraction of the
dominant mode of the Proper Orthogonal Decomposition (see section [3.3.3). We also note that more
modes can be extracted in every step of the algorithm: it reduces the offline computational time, but

there is no guarantee that the produced basis will be of the smallest possible dimension.

The reduced-basis approximation of problem (3.28) reads: find uy := un(u) € X n, such that
u% := un(0) = PNu, and

H
B(uy,vy; ) = Fons ) Yoy € Yurw, (3.43)
where

. 1 1 )
Bluw, vn; ) = f@‘N’ WOy + alun, v s dt + (Phjuo, vy Y,
1

Foysp) : = f (g, W\ yvrvdt + v,
1

and P : V}, > Vy denotes the H-orthogonal projection onto Vy. It follows as for (3:23)) that the problem
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3.3. REDUCED BASIS METHOD FOR LINEAR PARABOLIC PDES 33

(3.43)) admits a unique solution uy(u) € X,y for all u € D.
The problem (3.43) can be interpreted as the reduced-basis approximation of the Crank-Nicolson

time-marching scheme, i.e.

k— 1/2

Wk, — T VD s FaGly PN ) = FgP00) ), (3.44)

where the initial condition u?\, is obtained as an H-projection of ug onto Vy. Given the ansatz ”]/(v =

Zfi | uf n ¢i and defining uﬁ‘\, = {uf‘ N}fv | € RN, the resulting linear algebraic equations are then given by
1 ko172 _ ghol2

— My —uy ) + Aoy 2, (3.45)

where My := {(&, &)Y, pANGD = (a0, € RYN and g 2G0) 1= (g7 2@ ),y e RY.
The initial condition is given by uN {<u6,§~‘,>H}N e RV,

We assume the affine decomposition of problem (3.44):

Qa QK
aw, Vi) = ) Oag@agow,v), &P = D 0g P angy). (3.46)
q=1 g=1

It transfers to the parameter separability of the stiffness matrix and the load vector

[
ANGD) = D 0ugANg gy ) = Z Oeg > (08N ), (3.47)
gq=1

where gy, 1= {gq(fj)};\’:1 eRV,1<qg< Qg and Ay, = {aq(fj,f,-)}ft’j:l € RN 1 < ¢ < Q,. The pro-
posed reduced numerical scheme contains parameter separable quantities and thus allows offline-online
decomposition. The offline phase depends on expensive high-dimensional finite element simulations and
thus on N, but should be performed only once. However, the assembling of all the high-dimensional
parameter-dependent quantities is computationally simplified due to the affine dependence on the param-
eters (3.46). In the online phase the computational complexity scales polynomially in N, independently
of N and thus is inexpensive. We assemble the matrix Ay(u) at cost O(Q,N 2y and the right-hand side

k 1 2(y) at cost O(Q,KN). The operation count for the reduced Crank-Nicolson scheme (3.45) depends
on the number of time steps K and the corresponding inversions of dense reduced-basis matrices at cost
O(N?), thus it scales as O(KN?).

3.3.5 Error estimation

An important ingredient of the reduced basis methodology is the verification of the error (certification
of the reduced basis method). In the present work we provide an a-posteriori error bound, based on the
residual, which allows quick evaluation. We denote by R(-; u) € Y the residual of the problem, defined
naturally as:

R(vs; p) := F(vs; ) — Blun, vs; ) = f (r(t; ), vsyvrvdt  Nvs € Ys. (3.48)
1

We have the following

Proposition 3.3.1 (A-posteriori Error Bound). Let a(u) > 0 be a coercivity constant from (3.21) and
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34 CHAPTER 3. THE REDUCED BASIS METHOD

assume that ug € V. Then the error e(u) = us(u) —un(u) of the reduced basis approximation is bounded
by

1

llelly < IRC; lly; =2 An(u). (3.49)

a(u) °
Proof. Since in the case e = 0 there is nothing to show, we assume that e # 0. We have ug € Vn
and PY|, = Id, therefore ufy, := PYuj = ul. It implies that [leO)ly = 0, llelly = llell2q:y, and

||R(-;M)||yé = ||R('§ﬂ)||L2(I;V,;)- We then use the identity

1 1
f (e, e)yrydt = 5||e(T>||i,—5||e<0>||3, (3.50)
1

together with the coercivity condition (3.21)) to derive the bound:

1 1
a(ullell3, < f ale, e;u)dt + §||e<T>||%, = f (e, eyyrydt + f ale, e; u)dt + §||e<0>||%, < IRG; Ly llelly.-
1 1 1
Dividing both sides by ||e||y yields the result. O

Remark 16. We note that the assumption ug € Vy implies that ||le(0)||g = 0. We can guarantee this by
choosing & := ug / ||ug||V as the initial basis for Vy in the POD-Greedy procedure.

The error bound in can be improved by a factor +/a(w) with the choice of a different norm on LA V).
We assume that a(:, -; u) is symmetric and define

W, W), = a(v,w; p). 3.51)

The form is positive definite by coercivity of a(:, -; ), hence defines an inner product on V and induces

parameter-dependent energy norm
VIl := (v, w2 (3.52)

By continuity and coercivity of a(:, -; ) one can easily see that the energy norm is equivalent to the norm

[l on V, i.e, we have

valvlly < vl < Nvy@livlly, veV. (3.53)
We proceed by defining the space-time energy norm on L2(I; V) as follows
172
g2z, = ( ﬂu(r)n,%dt) . (3.54)
I

Similarly, one can show that the space-time energy norm is equivalent to the norm ||||;2(;,,) on LXI,V),

i.e, we have

Va2 < Mgy, < NY@IVIgy, v e LA V). (3.55)

Proposition 3.3.2 (A-posteriori L*(I; V,) Error Bound). Let a(u) > 0 be a coercivity constant from
(3.21)) and assume that ug € V. Then the error e(u) = us(u) — un(u) of the reduced basis approximation
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3.3. REDUCED BASIS METHOD FOR LINEAR PARABOLIC PDES 35

is bounded by

1
ey, < ——=IIRC; lly;, =2 AF W) (3.56)
a(u)

Proof. Since in the case e = 0 there is nothing to show, we assume that e # 0. Then we proceed similarly
to the proof to show that ||e(0)||z = 0, hence |le|| .2 LVxH = llellz2¢ LV,)- Then we use the identity and the
coercivity condition (3.21) to derive the bound:

1 1
lell72qy.y,, < f ale, e pydt + S le(DIl = f (e,eyyrydt + f ale, e pdt + 5 le(O)I;
’ 1 1 1
1

vaw)

Dividing both sides by ||e|| 1212V, yields the result. O

< IRC: Ly lelly < IRC: )y lell 2z, -

The computation of [|R(-; wl| VA requires the knowledge of its Riesz representer vsg() € Y. Thanks
to the Riesz representation theorem, it can be obtained from the equation

Vs r(W), ve)y = Rvs; )  Yvs € Ys. (3.57)

Since the test space Y consists of piecewise constant polynomials in time, the problem (3.57) can be

solved via the time-marching procedure for £ = 1, ..., K as follows:
fk(vé,R(t;,u), vpyvdt = ﬁ(r(t;ﬂ), viyyrvdt Ny € V. (3.58)
I I

We note that vk(u) := v(g,R(,u)| ;¢ 1s constant in time, hence the integration on the left-hand side of (3.58)
is exact. For the right-hand side of (3.58) we represent uy(u) € Xa.n as the linear function (3.30) on
I* and use it as an input for the residual (3.48)). We then apply the trapezoidal quadrature rule for the
approximate evaluation of the integral. The quadrature rule is chosen such that the quadrature error is of

the size of the error of the truth Crank-Nicolson solution. We thus need to solve the following problems:
VR, vy = R i) Yvp € Vi (k= 1, K), (3.59)

where the right-hand side is given by

1
R ) = 5[<g<zf‘; W) + g ), vy — aluk 1k, vis ) (3.60)

1
~r k-1 k—1 . k k—1
_a[”N ](”N Vi )] = E(”N — Uy, Vi) H-

Therefore the computation of the Riesz representer leads to a sequence of K uncoupled spatial problems

in Vj,. The parameter separability structure of the residual

Or
R i) = ) 0 ()Ry ()

g=1

is transferred by the linearity of the Riesz isomorphism to the parameter separability of its Riesz repre-

senter vﬁ(y) together with the parameter dependent functions Qﬁgq : D — R. Therefore, for 1 < g < Qg
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we have

Or
VR = " Ok (VR g With (VRg, Vv = Ry(vh) vy € Vi, (3.61)
1

q=

Finally, we state the formulas for the residual norm as well as the spatio-temporal norm of uy. Since
V§,R(/.1)| s« 1s constant in time, the integration on I* is exact and we can compute the spatio-temporal norm

of vsr(1t) as follows:

K K
Msr(oIly = D stk = > a0k GrO(w),
k=1 k=1

where Gp = KVRJJ’VR,q’)}gZ':l e RZ*Cr and ®§e(:“) = { (,u)}q | € RO, The isometry of the
Riesz isomorphism implies that ||R(-;/1)||ylf5 = |vsr(@Wlly. Slnce un(Wlx is a linear function in time,

the trapezoidal quadrature rule on I* is exact. We then can compute the spatio-temporal norm |luy]|s of

uy € XN according to

KAtk

2 k2 1

llunlly, = —(IIuNII + Ny ') + NI

Y
k=1
SN t"

kT k k-1 T k-1 T
T v Kyuy +uy " Kyuy, ]+uN MNuN,

k=1

where Ky = {(&, ¢ J'>V}§Vj:1 e R¥*N_ Since in our case the reduced basis is orthonormal in V, Ky is
the identity matrix. The operation count in the online phase, associated with computation of the residual

norm and the spatio-temporal norm on Y is correspondingly O(QIZQK ) and O(NK + N?).
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Chapter 4

Reduced basis method for quasilinear
elliptic PDEs and applications to
magnetostatics equation

In this chapter, we propose a certified reduced basis (RB) method for quasilinear elliptic problems
together with its application to nonlinear magnetostatics equations, where the later model permanent
magnet synchronous motors (PMSM). The parametrization enters through the geometry of the domain
and thus, combined with the nonlinearity, drives our reduction problem. We provide a residual-based
a-posteriori error bound which, together with the Greedy approach, allows to construct reduced-basis
spaces of small dimensions. We use the empirical interpolation method (EIM) to guarantee the efficient
offline-online computational procedure. The reduced-basis solution is then obtained with the surrogate
of the Newton’s method. The numerical results indicate that the proposed reduced-basis method provides

a significant computational gain, compared to a finite element method.

4.1 The quasilinear parametric elliptic PDE

In this section we introduce our parametrised nonlinear magnetostatics equation of quasilinear elliptic

type and its corresponding variational formulation together with our finite-element discretization.

4.1.1 Abstract formulation

We start by introducing the model for a permanent magnet synchronous machine. We consider a three-
phase 6-pole permanent magnet synchronous machine (PMSM) with one buried permanent magnet per
pole. We parametrize the problem through the size of the magnet by introducing a three dimensional
parameter p = (p1, p2, p3) Which characterizes magnet’s width p;, magnet’s height p, and the perpen-
dicular distance from the magnet to the rotor p3 in mm. In Fig. 4. T|the geometry of the problem is shown.
PMSM then can be described with sufficient accuracy by the magnetostatic approximation of Maxwell’s

equations

0 0
=V (v(x, Vu(p)hVu(p)) = J. - e Hpm1(p) + 7—Hpm2(p) in Q(p) 4.1
X2 6)61
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38 CHAPTER 4. REDUCED BASIS METHOD FOR QUASILINEAR ELLIPTIC PDES

with boundary conditions
ulpc = ulpa =0 and  ulpp=—ulcp.

Here AB, BC,CD, DA represent parts of the boundary 0Q2 and marked in Fig. We assume that
Q(u) represents the cross-section of the electric motor which is located in the x| — x5 plane of R® and the
solution u is the x3-component of the magnetic vector potential. The x3-component of the current density
is represented by J., and H,, 1(p) and H,,,2(p) are components of the permanent magnet magnetic field.

The nonlinear magnetic reluctivity function

1
vx.s) = vi(s), for x € Q' (p) 42)
vo(x), for x € Qz(p),

represents ferromagnetic properties of the material. Here we split the domain Q(p) into two non-
overlapping subdomains Ql(p) (ferromagnetic steel) and Q%(p) (air, magnet, coils) such that v; €
C'(Q!(p)) and v, is piecewise constant on Qz(p) (i.e. constant for each material). In practice, we
reconstruct v; from the real B — H measurements of PMSM by using cubic spline interpolation, see

section [2.1.2] We use physical constants for v,. Then the reluctivity function satisfies
0<vg <v(x,8) <vy, YxeQ(p), seRy, 4.3)

where v g and v can be chosen independently of the parameter p (see section [4.3|for details).

We continue with an abstract formulation of a two-dimensional nonlinear magnetostatic field problem
with geometric parametrisation, where the parameter set is given by D c R? and describes the geometry
of the permanent magnet. The regular, bounded and p-dependent domain Q(p) ¢ R? gives rise to
a p-dependent real and separable Hilbert space V(p) := V(Q(p)) and the corresponding dual space
V'(p) := V'(€(p)). The function space V(p) is such that

V(p) = (vl v e L*(p), Vv e (L2(p))*, ulgc = ulpy =0, ulag = — ulcp)

with Hj(p) c V(p) ¢ H'(p), where H'(p) := {v| v € L*(p),Vv € (L*(p))*}, Hy(p) = (| v €
H 1(p), Vlpo = 0}. The inner product on V(p) is defined by (w, v)y(,) = fg(p) Vw - Vv dx and the induced
norm is given by [|v|ly(p) = (v, v)%)), which is indeed a norm due to Poincare-Friedrichs inequality. Then

the abstract problem reads as follows: given p € D, find u(p) € V(p) such that

alu(p)l(u(p), v; p) = f(v,p), Vv € V(p), (4.4)
where we have
alul(w,v; p) = f v(x, |Vul)Vw - Vv dx, (4.5)
Q(p)
fvip) = Q(p)(Jev - H,,m,2% + Hpm,1 ;—;)dx. (4.6)
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4.1. THE QUASILINEAR PARAMETRIC ELLIPTIC PDE 39

Figure 4.1: The cross-section of one pole of the machine with the magnet depicted in gray and the
region of the geometric parametrisation indicated by the dashed box. The dashed lines indicate the
triangulation into L triangles. Figure is adapted from [[7].

The quasilinear form a[-](:, -; p) is strongly monotone on V(p) with monotonicity constant vpg > 0, i.e.
alvl(v,v = w; p) = alwlw,v = w; p) 2 vigllv = wlliy,, ¥ v,w € V(p), (4.7)
and Lipschitz continuous on V(p) with Lipschitz constant L, := 2vyp + vo > 0, i.e.
lalul(u, v; p) — alwl(w, v; p)| < Lallu — wllyipVllvpy Y u,w,v € V(p). (4.8)

The conditions (&.7)), (4.8) are established in Lemma [§] Then problem (4.4) admits a unique solution,
see section[2.2.3] Theorem 7} Moreover, those properties will be needed for the error estimates.

In order to avoid domain re-meshing caused by the change of the parameters, we transfer the domain
Q(p) to a fixed domain Q = Q(p), where p is the reference parameter with X := x(p) as a spatial
coordinate on Q (see e.g. [45]]). Further we assume that Q = O! U O? and this can be decomposed into
L = Ly + L, (in our case L = 12) non-overlapping triangles (see Fig so that Q = U{J:lfld and in
particular Q! = Uslz lf)}i and % = U{f: 1@3. The transformation 7 (p) on each triangle is affine, whereas

piecewise-affine and continuous over the whole domain according to:

A

T(Plg, : Qa = Qp) 4.9)
= Ca(p)x + za(p),

ford = 1,..., L, where C4(p) € R¥? and z4(p) € R?. According to [#.9), the Jacobian matrix J7(p) of
the transformation 7 (p) is constant and non-singular on each region of the given parametrisation, i.e. we
have JT(p)IQd = Cy(p) with det C4(p) # O.

Now we state the problem (4.4) on the reference domain Q with the corresponding Hilbert space

V= V(p) equipped with the inner product (W, V) = fg V- Vddx and the induced norm |[P|; = (P, f))é/ 2,
It reads as follows: for p € D, find ii(p) € V so that
ala(p)I(@(p). 9: p) = f(:p), VeV, (4.10)
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where the quasilinear form in (4.5)) is now transformed with the change of variables formula into

ala](w, v; p) = fg V(& W (VDI (p) Vil - T (p)Volldet J7-(p)| di. (4.11)
Similarly, the linear form in (#.5)) is transformed into
f:p) = fQ [f o T (p)Ivldet J7-(p)| di. (4.12)
Since Q = Q' U 2, we have the decomposition
alwl(w, 9; p) == a” [WIOW, ; p) + a” (W, ¥; p), (4.13)

where a”! is the restriction of (4.11)) to Q! with nonlinear reluctivity function v{, and a* is the restriction
of @IT)) to Q! with piecewise constant reluctivity function v,. Application of Newton’s method requires

the computation of the derivative of a”!, which is given by

f Vi (IVul) ,
dalul(w,v; p) = Vu - Vw)(Vu - Vvydx + a™* (w, v; p) 4.14)

Ql(p) |Vl/l|

and transformed as in @11 to the reference domain Q' with the change of variables formula, thus we

have

V(I (p)Vil)

-T ~ =T Ay =T o =T 5 .
U PVl (U (p)Vi- e (p)VW(I (p)Vit - I (p)Vi)ldet J7(p)ldX.

da" [a)(W, D; p) = f
al

To solve (@.10), we apply Newton’s method: starting with #(”(p) € V, for z = 0, 1, .. solve the problem
da[d?)(65, 9; p) = RIAV1(0: p),  RIED1D; p) = (0 p) = ala?1@, 9: p) (4.15)

to obtain 64@(p) € V, and then update the solution 2V (p) := 2@ (p) + 6i9(p). To prove that problem
(@.15)) is well-posed, we need the following lemma

Lemma 17. Let T(p) : Q — Q(p) be the geometric transformation from @.9). Then we have the

Jfollowing equivalence

CUPIPIE < IV, < C2APIRIE, (4.16)

with the positive geometric constants

Ci(p) : = min (yin(Ca(p)™' Ca(py )l det Ca(p)l, (4.172)
Cap) : = max (ax(Ca(p)™ Ca(p) )l det Ca(p)l. (4.17b)
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Proof. We inspect the geometric dependence to prove the lower bound

ov ov

— dx
Qy 8x,~ 6xj

L 2
M = D D [Calp)™ Calp)™ il det Ca(p)

d=1i,j=1

> min {Ain(Ca(p)~' Ca(p)™ Dl det Ca(p)l} IPIIF, = C1(p)IIDILG.
1<d<L

Similarly we prove the upper bound

2 -1 -T ST 12
Wy < max {dmax(Ca(p) ™ Ca(p)™ ")l det Ca(p)I} 1715, = Co(pIFIIG-
o

Lemma|12|and Lemma|l7|implies that for &t € V the bilinear form dala](-,-; p) : V x V — Ris coercive

and continuous for all p € D, i.e., we have
dala](®,V; p) = VLBC1(1?)II9II%,, VeV, (4.18a)
dalfil(w, 9; p) < voCo(P)Wllplidlly, Y9, € V. (4.18b)

Thus, the well-posedness of problem (@.15)) follows from the lemma of Lax-Milgram (see, e.g. [54]):
given a current iterate 4)(p) € V, there exists a unique solution 621?(p) € V of problem (@.20).

4.1.2 Finite Element Truth Approximation

We introduce a high dimensional finite element discretization (truth approximation) of our problem in the
space Vy = span{¢y, ..., ¢n} C V of piecewise linear and continuous finite element functions. The finite
element approximation is obtained by a standard Galerkin projection: given p € D, find upn(p) € Vy
such that

alan (PN (P, On; p) = FONsP), VDN € Tn. (4.19)

Given the ansatz iy (p) = Zj.\; , Uy j(p)¢; for the discrete solution and testing against the basis elements

in Vy leads to the system of nonlinear algebraic equations
An(iy: p)iin(p) = Fa(p), (4.20)

where Fy(p) € RN, Fy j(p) = f(¢: p) and Ax(liy; p) € RYN, An(lin; p)ij = alan(p)I(¢), ¢is p), 1 <
i,j < N. To solve (4.20), we apply a Newton’s iterative scheme: starting with ﬁge()(p), forz =0,1,..

solve the linear system

I p)oa)(p) = Ry(@): p) @21

to obtain 6ﬁ§f/)(p), and then update the solution ﬁjf;’])(p) = ﬁff/)(p) + 6ﬁ5\?(p). The residual Ry(p) € RN

for the Newton’s scheme must be calculated at every Newton iteration according to

N
Ry i(Op; p) = Fyi(p) — Z An(iy; plijy j(p), 1<i<N. (4.22)
=
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The Jacobian matrix Ju(fiy; p) € RVN in {#@21) is given by In(ip; p)ij = dalin](¢;, ¢i; p) and its
invertibility for all p € D follows from the coercivity property (4.18a).

4.2 Reduced basis approximation

4.2.1 An EIM-RB method

To perform the reduced basis approximation, we first introduce a subset D,;, C D from which a sample
Dy = {p1 € D,...,py € D} with associated reduced-basis space W]‘\’, = span{¢, := an(pn), 1 <
n < N} of dimension N, which is built with the help of a weak greedy algorithm. This algorithm
constructs iteratively nested spaces WY, 1 < n < N using an a-posteriori error estimator A,(Y; p), which
predicts the expected approximation error for a given parameter p in the space W* = Y. We want the
expected approximation error to be less than the prescribed tolerance egp. We initiate the algorithm
with an arbitrary chosen parameter p; with the corresponding snapshot #(p;) for the basis enrichment.

Next we proceed as stated in the following Algorithm [3] We note that the basis functions £, are also

Algorithm 3: RB-Greedy algorithm

1 Input: Tolerance egp, max. number of iterations Npygax, VAV{‘ = span{ii(p;)}, parameter set
Z)train cD .
2 Output: RB spaces {W:}V

1: while 2 <n < Ny and g, := max Ay (W, p) > ggp do
PED1rain

2:  pp < argmax A, (W’i‘_] , D)

peDrmin
3 D D U (p)
4 W, « W:,t_l @ span{{,, = in(Pn)}
5: nen+l
6: end while

orthonormalized relative to the (-, -); inner product with a Gram-Schmidt procedure to generate a well-
conditioned system of equations.
The Empirical Interpolation Method (EIM) [5]] is used to ensure the availability of offline/online

decomposition in the presence of the nonlinearity

vian(E; p); p) = viQJ7 (&, p)Van (&, p). (4.23)

EIM
train

EIM

tain> WE construct with the

Given an EIM tolerance €g;y > 0 and a fine sample D C D of size n

Algorithm @ the nested sample sets D, ¢ DEM where D, = {p] € D, ..., p}, € D} and associated

train’
approximation spaces Wy, = span{&,, := vi(iin(X; p,); pp), 1 < m < M} = span{qy, ..., qu} together with

M

a set of interpolation points Ty = {%]", ...,

of vi(itn(X; p); p) as

fc%}. Then we build an affine approximation v’1” (in (X5 p); p)

M
AW an (% ) p) 2 = W7 & pVaN(E P = D en(P)gn(®) (4.24)

m=1

M
= Z(B;}vp)mqm(fc) = vilin(X; p); p) + em(%; p),
m=1
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where €y(-; p) is the EIM approximation error: it holds dp(p) := |lep(:; p)li L@y < €EIM for all p €
DEM "Tn @.24) we also have v, := {vl(ﬂN()%%;p);p)}fn’lzl € RM and By € RM*M with (By);j = qj(fclM)

train®

is the lower triangular interpolation matrix by construction.

Algorithm 4: EIM algorithm

1 Input: Tolerance ey, max. number of iterations Mp,x, parameter set DEM = ¢

train
2 Output: Approximation spaces {W,‘;}n"f: |» interpolation points { Tm}ﬁ"f:l

1: py = argmax |vi (@ (; p); Pl

peD
2: Oy = {pj}
3. ri(%) == vi(an(; p)); pY)
4 xM = argmax|r (B, q1 :=ri/n&Y)
xeQ

50Ty :={&)}, Qi :={q:}, W} :=span(Q))
6: while 2 < m < Mpyax and 0,** > egypy do

7. 0™ = max [vi(an (s p); p) = Vi NG p); Pllps @)
€ train
8 py, = argmax|lvi(@n(; p); p) = Vi(anC; p); Pl

EIM
p ez)l‘rat[n

9 D,=0D, Uipy,}
100 (%) = vi(An(X; pr); pp) — VAN (RS PR3 p)
1 & = argmaxlr (D, gn = rw/rn(E))

xeQ)
12: Tm =1y U {)AC%}, Qm = Qm—l U {Qm}’ W;;; = Span(Qm)
13: me—m+1

14: end while

Remark 18. We note that for any vi(-; p), the interpolation error satisfies
ou(p) < (1 + AM)zg}va Ivi@nG; p)ip) = 2l @)y VP €D,
M

where Ay = sup an/lzl M(%)| is the Lebesque interpolation constant and yM € W, are the character-
istic functionsxoefQ Wi, with MMy = §,,,. The Lebesque constant can be upper bounded Ay < 2M — 1,
but in practice the actual behaviour of Ayy is much lower. In fact, Ay depends on the set of interpolation
points Ty, the interpolation points are selected in the Greedy fashion to minimize the supremum norm of
the residual. The optimality with respect to the supremum norm also characterizes the Chebyshev points.
In this way the points Ty “magically” coincide with the Chebyshev points on the interval [-1,1] and
sometimes called as “magic points". Therefore the EIM algorithm generalizes the selection of optimal

interpolation points to arbitrary-shaped geometries [38|].

The EIM approximation of v; results in the EIM-approximation ay[-](-, -; p) of the quasilinear form
al-](-, -; p) and then the reduced basis approximation is obtained by a standard Galerkin projection: given
p € D, find iy ;(p) € WY such that

amlin m(P@nm(p), On; p) = fOns p), Yoy € Wiy (4.25)
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holds. Since Q = Q! U Q2 we have the decomposition
ay[Wlw, 9; p) := a, w10V, 95 p) + a2 (W, V; p), (4.26)

where ay[-](, -; p) is the EIM-approximation of "' [-](:, -; p) with nonlinear reluctivity v;(-; p) replaced

by its EIM counterpart vf” 5 p)-

We define Vy(p) := {vy | vy = dnv 0 T7L, dp € Vy)as a push-forward finite-element space over
the parametrised domain Q(p). For mathematical convenience, we assume that the EIM approximation
ayl-1G, -; p) is sufficiently accurate in the sense that the form ay[-](:, -; p) is strongly monotone on Vx/(p)

with monotonicity constant ¥, 5 := vip + €, > 0, i.e., for all vy, wn € Va(p) it holds

amVNIVNs v = was p) — am[wa l(Wa, vy — W p) 2 Visllvy — WN”%/(I,), (4.27)

and Lipschitz continuous on V(p) with Lipschitz constants L, := L, + €, > 0, i.e., for all un, wy, vy €
Vi (p) it holds

lap[un (e, vas p) — aplwalwa, vavs I < Lalluy = wallvin Ivallvip) (4.28)

where €, € R, is small enough and is related to the EIM approximation error. Then problem (4.23))

admits a unique solution. However, in the EIM practice we can guarantee that conditions (4.27) and

EIM
Dtram

(@.28) hold uniformly together with €, < €z only on

EIM
z)tram ’

It is difficult to check these properties a-
priori for p € D\ so that arguing the well-posedness of (#.23) and the upcoming discrete system

(#.43) in general is not possible.

Finally, we achieve an affine decomposition of the quasilinear form

M L

Al m(PIv, 03 p) = H° > Z eI, (P (0, 0), (4.29)

m=1d= llj

a” (i, 9; p) = Z Z o} (p)a (v, D),

d=1i,j=1

such that (I)Zle : D - Rford=1,..,L,i,j=1,2and d)ZjLz D - Rford=1,..,Lij=1,2are
functions depending on p and the parameter independent forms

i oA s ow O
am{d(w,v)zf Bx,aA di, 1<d<Lj, 1<i,j<2,

- ow v
S, D) = di, 1<d<I, 1<i j<2.
a; (w,v) - % ax, 2 I,j
For notational convenience, we set
emW, ¥ p) = Z Z O} ()l (0, 9), (4.30)
d=11i,j=
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4.2. REDUCED BASIS APPROXIMATION 45

so that

M
aylan (PO, V5 p) = Z Em(p)emW, ¥; p).

m=1

Similarly, the affine decomposition of f has the form
f;p) = f Jo di - Z Zmet Cap)ICa(p)} f H,,ml (4.31)

d=1 i=1
L
*)

d=1 i=

2

et Ca(pICalp)3” f Homage =Z<I> o)
1

where d)g : D — Riforg = 1,.., Qy are parameter dependent functions and parameter independent
forms f,(9).

4.2.2 Error estimation

We define Wy (p) := {wy | wy = Wy o T Wy € WK,} as a push-forward reduced-basis space over
the parametrised domain Q(p) for error estimation purposes, where 7 ~! is the inverse of the geometric
transformation (4.9). First we study the convergence of iy p(p) — dn(p).

Proposition 4.2.1 (A-priori Error Bound). Assume that the EIM-approximation error of the nonlinearity
satisfies suppeollvl(p) -7 (p)IILoo < €grym. Assume further that a[-](-,; p) is Lipschitz continuous on
V(p) with Lipschitz constant L, = 2vip + vy > 0 (.8) and that the EIM-approximation ay[-1(-,-; p) of

al-1(-, -; p) is strongly monotone with monotonicity constant vy := vig + €, > 0 (.27). Then we have

€EIM
—Wnllp}
VLB

L,
lin () — il < | 2L ing {(H;)numm il +

Cl(p) WNEWu

with the geometric constants

Proof. Set uy := un(p) € V(p), unm = unu(p) € Wy(p) and let wy € Wy (p) be arbitrary. Set

onm = uyym — wy. First we note that

aylunml(un . wy) — aluy](upn, wy) = 0, Ywy € Wy(p) C Va(p). (4.32)

Then we use (4.32), the strong monotonicity condition and Lipschitz continuity to obtain the bound

slloymll ) < amlun sy onm) = aulwnlwn, on )
= alun)(un, onm) — alwnlwWn, oy m)
+ alwnlwy, onm) — amwn (W, onm)
< Lolluny — wallvipllon,mllvp)

+ suplvi(p) = vV (P)llz=lwnllvepllonallve-
peD
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Dividing both sides by ¥ gllon,mllv(p) and using the triangle inequality

llun = unmllvipy < lluy = wallvip) + llonmllvip)s

we obtain the estimate

€EIM
lun(p) — unm(Pllvp) < (1 + — )||MN(P) = whllvip) + ——lwnllvp)- (4.33)
VLB VLB
The desired result follows from the Lemma[I7] after a short calculation. O

For efficient implementation of the reduced basis methodology and the verification of the error, it is
necessary to provide an a-posteriori error bound, which can be quickly evaluated. For this we establish
an error bound based on the residual. We denote by ry(-; p) € ‘A//’V the residual (formed on the reference

domain) of the problem, defined naturally as

ruOn; p) = fOn: p) — amliv v, Ons p)  Von € Vn. (4.34)

We have the following

Proposition 4.2.2 (A-posteriori Error Bound). Let vip > 0 be the lower bound of the monotonicity

constant. Then, the RB-EIM error ey p(p) := lin(p) — iy p(p) can be bounded by

||”M(‘§P)”f//fv . Cr(p)Su(p)
vig Ci1(p) vieCi(p)

llenu(Plly < lanm(Plly = Anm(p) (4.35)

with the geometric constants (¢.17a), @.I7b) and the EIM approximation error
Sm(p) = sup V115" (&, p)Vawu(E; p)) = v (77 (&, p)Vanu(E; p)) (4.36)
xeQ

of the nonlinearity

Proof. Since in the case ey y = 0O there is nothing to show, we assume that ey ps # 0. We then use strong
monotonicity condition and the definition of the residual (4.34) to estimate

villen iy < alun 1, enan) — alun pl(un v, exm)

= flenm) — amlun ml(unm, enm)

+amlunml(unm, enm) — aluy pl(unm, enm)

= ry(enm) + amlun mlunm, enm) — alun pl(unm, en.m)
= ru@nm) + aplunmlun m, enm) — alun ml(un s enm)

< ||VM||V;V||éN,M||\7 + opm(Pllunmllxpllenmllvp)

Now the final result follows from the Lemma applied to ||eN,M||%/(p) and the right-hand side of the

inequality, correspondingly. O

We address the computational realization of the estimator (4.33)) in the next section. Next we denote
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4.2. REDUCED BASIS APPROXIMATION 47

by r(-; p) € V/'v the residual of the original problem (without EIM reduction), defined as
rOns p) = fON; p) — aliv](in, Vs p) (4.37)

and let ex(p) := iin(p) — ity(p) be the error of the reduced-basis approximation. Along the lines of

proposition 3.2 one can prove the error bound

) I Pl
llen(p)lly < m = An(p). (4.38)

We use (#.38)) to investigate the factor of overestimation in the reduced-basis approximation.

Proposition 4.2.3 (Effectivity bound for RB-approximation). Let ny(p) = =X P Then

llewlly

L,
nn(p) < . VCi(p)Ca(p) (4.39)

Proof. Let 9, € Vx denote the Riesz-representative of r(-; p). Then we have
Pr 8Dy = r(D5p), On € Vn 1Dl = G Pllgy -
Now let v, := 9, o 7~! € Vn(p). Then, using Lipshitz continuity of (#.8)), we have

Al = Ve vy = 1 1) = alun(un, vis p) = aluyl(u, vr; p)

< Lallenllvipllvellvp)-

IIAvrllv <L, Calp)
llewlly Ci(p)
With (#.38) we then conclude

- .
=28 Wy Lo mme s

llenlly  vis Ci(pllenlly — vis

With the Lemma|[I7] we obtain

and obtain the effectivity bound. O

This bound is further used to explain the gap between the true error and the estimator.

4.2.3 Computational procedure

The computational process in the reduced basis modelling can be split into the offline and the online
phase. The computations in the offline phase depend on the dimension A of the finite element space and
are expensive, but should be performed only once. The computations in the online phase are independent
of NV, with computational complexity which depends only on the the dimension N of the reduced-basis
approximation space and the dimension M of the EIM approximation space. The key concept utilized
here is parameter-separability (or affine decomposition) of all the forms involved in the problem. We

now give the details of the numerical scheme for the nonlinear part, defined on the domain Q'. The
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48 CHAPTER 4. REDUCED BASIS METHOD FOR QUASILINEAR ELLIPTIC PDES

second term in (4.29) is linear and can be treated similarly. We expand our reduced basis solution as

anm(p) = Zj.\’: 1 Uy, j¢; and test against the basis elements in W;\‘, to obtain the algebraic equations
N M
JNM) o W _ .
DT enCIN M Qs P j(p) = Fy i(p), 1<i<N, (4.40)
Jj=1 m=1

where /MM (i 475 p) € RVM CIV ™ @y 1 p) = ¢,0(¢5, L p), 1 <4y j< N, 1 <m < M, and Fy i(p) =
f(&i: p). Let om(p) = {oum k(P))IL, € RM, then

M
D B om kp) = iR p)ip), 1<m<M (4.41)
k=1

=i ivm (PG p), T<m< M.

We then insert (4.41)) into (4.40) to get the following nonlinear algebraic equation system

N
Z Z D/ ars 1O i (PG (END: p) v j(p) = By ip), (4.42)

j=1 m=1 n=1

where 1 < i < N and /MM (fiy 45 p) = C'VM Gy 55 p)BM)~1 € RVM,

To solve (.42) for Gy p(p), we apply a Newton’s iterative scheme: starting with @ A(O) u(p), for z =

0, 1, .. solve the linear system

Inn (@52 poa), (p) = Ry (03, : p) (4.43)

to obtain (SA(Z) (), and then update the solution u(Z+1)(p) = A%)M(p) + 6u(Z) /(D). The residual Ry(p) €

R for the Newton’s scheme must be calculated at every Newton iteration according to
N M
N (N, M) , N N .
Ry iCan s p) = Fy i(p) = Z Z D{(m M@ ars pIVi (G s pYan e (). (4.44)
j=1 m=1

Taking the derivative of (#.42)) with respect to the components uy y j(p), 1 < j < N, we derive the

formula for the Jacobian matrix

I (v s p) = Anv(On s p) + En (G s p), (4.45)

where Ay (v p) € RVN, (An (v p))ij = aylan (P, &; p) and Ey (i s p) € RN

with

(Enm(Onpr; p))ij = ZUNM s(p) Z DM My P)

s=1 m=1

d I
" Vi (@ ) ), (4.46)
J
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where 1 <i,j < N and

gV, (an (Y p); p)
[0, p)Vitn (R0 p)I
gn(p) = [I7LRY, p)Vay wGY; p)] - 1977 Y, pyve;:I),

vi(inm(RM; p); p) = (4.47)

(‘)uN,Mj

forl <m< M.

The parameter separability of reduced nonlinear stiffness matrix Ay /(G a5 p) and reduced load
vector Fy(p) follows from (@.29) and (4.31)), correspondingly

M L 2 9r
Avm@ 0 = > D0, (DAY, Fn(p)= D Oh(p)Fng,  (448)
m=1d=11i,j=1 q=1

where tp(Z) (p), 1 < m < M represent EIM coeflicients of z-th Newton iteration and

AL = VAN Vv, Fng=ViFxg (4.49)

where (A% Vo = @ (85, 1 < 51,52 S N, Fng = fy(¢), 1 <i < N and Vy € R¥V denotes
the projection matrix, whose columns contain the coefficients of the RB basis functions &,,1 < n < N,

that is (Vy)in = Gy /(Pn). Based on (4.30), we also have the following parameter separable matrices

CN iy a1 p) ‘sz’u.( AL L l<m<M. (4.50)
d=1i,j=1

We construct C/™M(fiy 5s; p) out of the rows of @350) , hence C/NM(fiy 5s; p) is parameter separable.
Although looks quite involved, it possesses an affine decomposition and allows efficient assem-
bling in the online phase. Indeed, the matrix D/™*)(fiy 5/; p) is parameter separable, since the matrix
C/NM(@y s: p) is parameter separable and the evaluation of g/ € RM in requires the evaluation
of the reduced-basis functions only on the set of interpolation points 7,. Therefore, these quantities can
be computed and stored in the offline phase and can be assembled in the online phase independently of

N and we have

IO s p) = Zef<p>JNM, Ry (15 p) = ZeR<p>RNM, (.51)
q=1 q=1

where Hg(p) : D — Rand Gg(p) : D — R are parameter-dependent functions, J;{v, v € RVXN and R?v, v €
RY are parameter-independent matrices and vectors. We summarize the offline-online decomposition of
Newton’s method in the Algorithm [5] The operation count associated with each Newton’s update is then
as follows: the assembling of the residual Ry(p) in ( is achieved at cost O(4MLN* + N> + Q N) ~

O(MN?) together with the EIM system solve at cost O(Mz). The Jacobian Jy a(Gy a5 p) in @.43) is
assembled at cost O(MN?), i.e. it is the cost for the assembling of Ey (fiy a7 p). It is then inverted at
cost O(N?). The operation count in the online phase is thus O(MN?) per Newton iteration. However,
we observe in our numerical experiment that it is sufficient to use Ay s (Gy r; p) and drop En p(Qn.az; p)

term in (#.43) to perform well, which results in O(MN? + N3) operations per Newton iteration.

Next we address the computation of the a-posteriori error bound (4.35)). It requires the computation
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Algorithm 5: RB Newton’s method: Offline-Online decomposition

1 Offline phase:
Input: finite element mesh, projection matrix Vy, interpolation space W},
Output: All parameter-independent quantities, saved in S torage.

1: Assemble A” form =1,..M,d=1,..,L, i,j=1,2.
2: Assemble FNq for qg=1,. Qf.
3: Compute A for m=1,.,M,d=1,..,L, i,j=1,2 and save to Storage.
4: Compute FN’q for g =1,..., Oy and save to Storage.
2 Online phase:

NM

Input: Szorage, tolerance &, " > 0, interpolation matrix BM, interpolation points T}, initial

~(0)

value @/, parameter p € Z).
Output: Reduced-basis solution Gy (p).

1:

—
N = O

Compute EIM coefficients <p(0)(p) = {w(o) (p)M
Assemble Jacobian Jy M(uN > p) and residual Ry M(uN v D)

Compute Syy := ||RNM(UN,M> pll
while 6y > VM do

R A LB~

k=1

Solve the linear system Jy M(ug\z,) e p)éﬁg\z,) (p) =Ry M(u%)M, 12)

Update @y, (p) := 07, (p) + 507, (p)

Update EIM coefficients go(”l)(p) = {tp(ZH)(p)}k |

Update Jacobian J N,M(ug\z,;,l[), p) and residual RE\Z;J;VII)(P)

A(z+1
Compute Sy := Ry (5 55 p)
z:=z+1

: end while
sy (p) =05, (p)
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of the dual norm of the residual {.34). Since the right-hand side f(-; p) and ay[-](-, -; p) are parameter-
separable, the residual ry(-; p) is also parameter-separable and admits an affine decomposition together

with its Riesz-representative 9,(p) € Vx according to

O 0
GNP = ) Rh(PIru On), PHp) = D @)D, (4.52)
g=1 g=1

where 7y (V; p) = (0,(p), Va)y forall Dy € Vy and O, = Qr+NM+4MLy +4L,). Since the dual norm

of the residual is equal to the norm of its Riesz representer, we have
lrarC2 P)lgs = DAy = (@ (p)T G, (p)'2, (4.53)

where @' (p) = {cpg(p)}ff;l € R% and G, € R2*% with (G,);; = (7, ;, 9, ;)¢ and the dual norm @33)
is then computed at cost O(Qf). The evaluation of the norm [|éiy 4 (p)lly is at cost O(N?). Once vip is
available, the constants C;(p) and C»(p) in (4.33) are computed directly.

The EIM approximation error (4.36)) is computed on the discretized domain Qy, c Q: the nonlinearity
depends on the gradient and it is evaluated on the triangle barycenters %,;, 1 < j < Nr, where N7 is
the total number of triangles in the iron material region for a given finite-element triangulation. The
EIM procedure results in the set of triangle barycenter points 7y, = {fcg’f , ,fc}% }, where M << Nr.

In the offline phase we evaluate the gradients {V{,l}nN: , for each basis element {g’n}nl\’:1 of the reduced-

jll/il € RMXZ
for 1 < n < N and then efficiently evaluate the nonlinearity on 7, with the ansatz VﬁN,M(p)|TM =

basis space WK, on the interpolation barycenters Ty. We thus store offline {V,lr,, (fcz/]’_ )}

Z?/: Litvm j(p) VI j‘TM online. The operation count for the EIM approximation v’l"’ (v m(X; p); p) is then
O(M? + NtM), and the evaluation of v; at M points. We note that (#.36)) requires the knowledge of

vi(ity m(%; p); p) and thus one full evaluation of the nonlinearity.

Remark 19. Given an approximation vjlu (-3 p), for M < M0 — 1 we define

Su(p) = (107 (&)1 PV G, 5 D = vV I (8410 P Vi (R, 5 DD

Su(p)
om(p)

to 1 quickly with growing M, then x(p) can be used as a cheap one-point estimator for 6p(p), which

Ifvi(;p) ¢ Wy, we only have that 6y (p) > Su(p) for p € D. However, if the effectivity tends
requires only one additional evaluation of vi(-; p) at the (M + 1)-th magic point [20]. In our case the
nonlinearity is of the exponential type and the effectivity of the bound is of the order 107 in practice.
However, we can think of using 8y/(p) in other contexts, such as an adaptive optimization with surrogate
models (see, e.g. [2]]), where only the local parametric complexity of the nonlinearity around the certain

parameter value p matters.

4.3 Numerical results

First we introduce a parameter set D = [18,19] x [4,5] X [7,8]. The nonlinear reluctivity function
vi1(p) is reconstructed from the real B — H measurements using cubic spline interpolation, see section
[2.1.2] Finite element simulations are based on a mesh composed of 121012 triangles and 60285 nodes
(excluding Dirichlet boundary nodes). Piecewise linear, continuous finite element functions are chosen

for the finite element approximation. We solve the finite element problem with Newton’s method. We

51



52 CHAPTER 4. REDUCED BASIS METHOD FOR QUASILINEAR ELLIPTIC PDES

iterate unless the norm of the residual is less than the tolerance level, which we set to 10™*. The tolerance

level 3% ?” = 1077 is used for the RB Newton’s method.

EIM(1)
train

D of size 216) and compute finite element solutions for each parameter in D

We generate the RB-EIM model as follows: we start from D C D (aregular 6 X 6 X 6 grid over

EIM(1)
train

nonlinearity with the EIM within the prescribed tolerance egypy = 5 - 10~. Since the norm lan,p(p)lly is

to approximate the

of the order 1072, we hope to further balance the contributions of the reduced-basis and EI nonlinearity
approximation in the estimator on the test set. Next we run the RB-Greedy procedure with the prescribed
tolerance egg = 1072 for the estimator #.33) on Dyygin € D, where Dy, is a regular 10 x 10 x 10 grid
over D of size 1000. We set v;p = 110, since

VB < m1§r21 vi(lJ7 (&, p)Viiym (% p)l) = 110 (4.54)
X€

for all p € D4 in our setting. This is a robust heuristic procedure, since for small N, the reduced-
basis solution iy p(X; p) is a good approximation to #(X; p) in the regions with low magnetic flux density
[Vii(-; p)|. The size of the magnet (change in the parameter p) influences only the high values of the
magnetic flux density |Viiy y(-; p)| in the magnetic circuit and does not have an impact on the minimum
of the reluctivity function. We note that the evaluation of 6,(p) (@.36) requires one full evaluation of the

nonlinearity, thus it is available for the computation in (4.54)) for the a-posteriori error estimation.

Once the reduced-basis model is constructed (Nyqx = 12, M0 = 50), we use it to improve the
EIMQ2) ._
train -

Dirain and use them to construct the improved EIM approximation space Wy, of dimension M;,,x = 50.

quality of the nonlinearity approximation: we generate the reduced-basis solutions over 9

With the new approximation of the nonlinearity, we run the RB-Greedy procedure over Dy, again
with the prescribed tolerance egg = 1072, which results in the reduced-basis space VV,L\’, of dimension
Nipax = 10.

Next we introduce a parameter test sample Dy, C D of size 343 (7 x 7 x 7 grid with uniformly

random sampling on each interval) and verify the convergence with N of max Ay y = mzz)lx Anum (p) for
PEDrest

different values of M (see Figl.2[a)). We see that with N = 8 and M = 50 the estimator is below the
prescribed tolerance egp = 1072 on the test set. One observes that there is an increase in the estimator
for N > 8 and for M < 50 due to the poor quality of the EIM approximation. Moreover, we can naturally

split the estimator into two parts: the reduced-basis and the nonlinearity approximation error estimation

contributions
lIraC; Pl c
RB 1% EI 2P)om(p) .
Avu(p) = ——————, Ayup) = ——————llanu(P)lly- (4.55)
N.M vie C1(p) N.M vig Ci(p) VMV
We then set
AﬁBM = max AZBM p), Af,IM = max Af,IM p). (4.56)
’ peDtext ’ ’ pGDren‘ ?

The strategy is to balance two contributions in (.56) for the specified tolerance level egp, e.g. by
choosing N = 8 and M = 50, see Figld.2b). In Fig. #.2[b) we can also see the improvement from the
described above additional EIM step.
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N M max Ay, u Anm(p) nv.m max ny,m
4 30 1.24 E-01 4.74 E-02 7.41 EO2 1.46 E03
6 40 4.59 E-02 2.37 E-02 3.98 E02 7.18 E02
8 45 9.30 E-03 5.10 E-03 2.46 E02 6.24 E02
8 50 8.90 E-03 5.51 E-03 2.49 E02 6.32 E02
10 50 8.90 E-03 5.30 E-03 8.48 E02 4.65 EO3

Table 4.1: Performance of RB-EIM model on the test set

102 ‘
—M =20
--M =30
101 —M =40
"""" M = 5“

max Ay s

-

2 4 6 8 10 2 4 6 8 10
Number of RB functions N Number of RB functions N

(a) (b)

Figure 4.2: Convergence with N of max Ay for different values of M on the test set (a). Convergence

with N of aRE “and A%/, contributions for M = 50 on the test set. The number in the label bracket

indicates the EIM step (b).

In Table we present, as a function of N and M, the maximum error bound max Ay (p) as
pE test

= Lxmlp) - he effectivities require the

~ llenmlly -
knowledge of “truth" solution, therefore we compute the finite element solutions for all the parameters

well as the mean 77y, and max iy s of the effectivity ny(p) :

in the test set. We observe that the values of 7jy s and maxny s are quite large, which partially can
be explained by the estimate (4.39) for the effectivity ny(p) of the reduced-basis approximation. In our

example we have
max vi(lI7 (&, p)Vin,u(E; p)l) < vo
XE.

on Dy, Where v ~ 7.95 x 10° is the reluctivity of air. Therefore the upper-bound constant for ny(p) is
of order 103 in practice.

In Fig. @3] we plot the reduced-basis solutions, i.e. the magnetic equipotential lines for several
parameters in Fig. {.3|a) and Fig. [4.3(b) and the corresponding reluctivity functions, evaluated fully
with splines and with EIM in Fig @.3(c) and Fig. {.3(d). In Fig. F.3|e) and Fig. F.3|f) we zoom the
reluctivity functions at some parts to see the inaccuracies of our EIM approximation. Next we compare

the average CPU time required for both the finite element method, which takes = 150 sec to obtain the
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solution, and the RB method (N,,,.x = 10, M. = 50), which takes ~ 0.27/0.95 sec without/with the
error bound evaluation and results in the speedup factors of 555 and 158, respectively H The compu-
tation of the error bound significantly increases the total CPU time, since the complexity of the error
bound evaluation scales quadratically with Q,, where Q, is large and requires one full evaluation of the
nonlinearity. The offline phase requires the knowledge of the “truth” finite-element solutions for the first
EIM approximation step. Since 216 finite-element solutions were generated in the consecutive order, it
takes ~ 9 hours, but it can be done in parallel to reduced the computational time. The Greedy algorithm
execution takes =~ 4 hours and since we run it twice, it takes ~ 8 hours for our implementation. We note

that our implementation may not be optimal, therefore the offline time is only a rough estimate.

Remark 20. We note that in the presented numerical example the relatively small parameter domain D
was chosen. In the authors opinion, it is possible to enlarge the parameter domain with the increasing
cost of the nonlinearity approximation by combining few additional EIM steps as described above and

exploiting divide-and-conquer principles and hp-adaptivity in the Greedy procedure (see, e.g. [10,47]).

TAll the computations are performed in MATLAB on Intel Xeon(R) CPU E5-1650 v3, 3.5 GHz x 12 cores, 64 GB RAM
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Figure 4.3: Magnetic equipotential lines, computed with reduced basis method (10 RB functions, 50
EIM basis functions) for parameter value (a) p = (18,4,7), (b) p = (19,5, 8). Reluctivity function
v1(p), computed with full spline approximation and its EIM counterpart vll‘/[ (p) for parameter value (c)
p = (18,4,7), (d) p = (19,5,8). Zoom of reluctivity functions at some parts for the parameter (e)
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Chapter 5

Reduced basis method for quasilinear
parabolic PDEs and applications to
magnetoquasistatics equation

In this chapter, we propose a certified reduced basis (RB) method for quasilinear parabolic problems.
The method is based on a space-time variational formulation. We provide a residual-based a-posteriori
error bound for a space-time formulation and the corresponding efficiently computable estimator for the
certification of the method. We use the Empirical Interpolation method (EIM) to guarantee the efficient
offline-online computational procedure. The error of the EIM method is then rigorously incorporated into
the certification procedure. The Petrov-Galerkin finite element discretization allows to benefit from the
Crank-Nicolson interpretation of the discrete problem and to use a POD-Greedy approach to construct
the reduced-basis spaces of small dimensions. It computes the reduced basis solution in a time-marching
framework while the RB approximation error in a space-time norm is controlled by the estimator. There-

fore we combine a POD-Greedy approximation with a space-time Galerkin method.

5.1 Space-Time Truth Solution

In this section we consider a space-time variational formulation of quasilinear parabolic partial differ-
ential equations, which we denote as the exact problem. The corresponding discrete Petrov-Galerkin
approximation is called the truth problem, as it is common in the RB setting. We assume that the so-
lution to the exact problem can be approximated arbitrarily well by the discrete solution of the truth

problem. We then neglect the corresponding approximation error.

5.1.1 Space-Time formulation

Let Q c R? be the spatial domain and u € D c R?, where D is a compact parameter set. Let V ¢ H'(Q)
be a separable Hilbert space and H := L*(Q). We denote by (-, -)y, (-, Yy and ||y, |||z corresponding
inner products and induced norms, respectively. To V and H we associate the Gelfand triple V — H —

V’ with duality pairing {-,-)yry. The norm of [ € V' is defined by |/l|ly» :=  sup (L, W)yv/IWly.
yeVliglly#0
We consider a parametrized quasilinear, bounded differential operator A : V x 9D — V’ with induced
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quasilinear form
(A, ), vivry = alul(u, vip) = L v(u(x); ))Vu - Vv dx, (5.1)

where the nonlinearity satisfies v(-;u) € C I(R). We assume that the forms (5.1)) are strongly monotone

on V with monotonicity constants m, () > 0, i.e.

alvlv,v — w; ) — alwl(w, v — wi 1) = mallv = wlp, Yv,weV, (5.2)
and Lipschitz continuous on V with Lipschitz constants L,(u) > 0, i.e.

lalul(u, v; @) — alwl(w, v; )| < La(llu — wllvlvily - Y u,w,v € V. (5.3)
In addition, we assume that these conditions hold uniformly:

mg = infm,(u) >0, L, :=supL,(u) < oco. 5.4
ued neD

For given (g(-; 1), up) € L*(I; V') x H we consider the quasilinear parabolic initial value problem of
finding u(¢) := u(t; ) € V,t € I a.e. on the time interval I = (0, T'], such that

() + Au(t), u) = () in V’, u(0) = u, in H, (5.5)

where it := g—'; is understood in the generalized sense. We now define a space-time variational formulation

of (5.5). We use the trial space

X :=W(0O,T)=L*I;V)NH L, V') ={ve LX(I; V) : v,v € L*(I; V"))

with the norm [w]l3 := ||W||i2 an ||w||i2(l,v), and the test space Y := L*(I;V) x H with the norm
||v||2y = ||v(1)||i2(1.v) + V|13 for v := (vV,1@). The weak formulation of problem (5.3) reads: find

u := u(u) € X such that

Blul(u,viu) = F(v;p), VvelY, (5.6)

where
Blul(u, v 1) := fl vV DYy + alul(u, vV; pdr + (u(0), V), and (5.7)
Fosn) = [ (0Ot + o (5:8)

Since X — C(I; H), the initial value u(0) is well-defined in H (see Proposition[2.2.T)). We note that (5.2))
implies coercivity of the quasilinear form a[-](-, -; 1) and (5.3)) implies hemicontinuity, i.e. the continuity
of the mapping s — (A(u+sw, w), v)yry for s € [0, 1] and all u, w,v € V. All together, the well-posedness
of problem (5.6)) follows, so that (5.6) admits a unique solution u € X, see Theorem [0}
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5.1.2 Petrov-Galerkin Truth Approximation

From here onwards we omit the dependence on u wherever appropriate. For the temporal discretization
of (5.6) we use the time grid 0 = M<t'<..<K=Tandsetl* = (tk‘l,tk] fork=1,..., K. We set at* =
#* — =1 and define At := max<i<k atk. For the spatial discretization we set Vj = span{¢i, ..., ¢p,} C V,
where dim V;, = N}, and h denotes the spatial discretization parameter. The functions ¢; will be defined

in the numerical examples. With ¢ := (At, h) we introduce the discrete trial space
X5 = {us € COL V), uslp € Pr*, Vi), k=1,..,K}c X
and the discrete test space
Ys = {vs € LI, V), vslje € Po*, V), k=1,.., K} x V, C Y.

With these choices of spaces the truth approximation problem reads: find us := us(u) € X5, such that
ug = us(0) = PZu(, and
Blusl(us, ve: ) = F(vs: ) Vvs € Y, (5.9)

where P'I‘{ : H — V}, denotes the H-orthogonal projection onto Vj,. It follows as for (5.6) that problem
(3.9) admits a unique solution us € Xs.

The Petrov-Galerkin space-time discrete formulation (5.9)) is approximated by the Crank-Nicolson
time-stepping scheme. Indeed, since the test space Vs consists of piecewise constant polynomials in

time, the problem can be solved via the following procedure for k = 1, ..., K:

ﬁ (itg, vy + g ttg, vy i)t = f QU vt vy € Vi (5.10)
I I«

Since the trial space X; consists of piecewise linear and continuous polynomials in time with the values

k .

0% := us(’*) and 25" := us(*~1), we can represent us on I* as the linear function

1
us(t) = m{(r" 0+ (= haky, e 1k (5.11)

We use the representation (5.11)) in (5.10)), test (5.10) against the basis functions ¢; € Vj, (i = 1,..., Nj,)

and use the trapezoidal quadrature rule for the approximation of the appearing integrals. In this way we

obtain the Crank-Nicolson time-stepping scheme, which for k = 1, ..., K reads

k
(uf — s gy + %{a[u’g](u’g, iz 1) + a1 W, i ) = (5.12)

k
= AL et . v + 0w ). 1505 N

where we consider u’g as our approximation of 12’(;. Here we recall that the initial condition ug is obtained
Nh

i=1 €
RNi, the resulting nonlinear algebraic equations are then solved by applying Newton’s method for finding

as an H-orthogonal projection of u, onto V. Given the ansatz u'g = Z;\:/ hl ufqﬁ,- and defining u’g = {uf}
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the root ulg of

1
&m&m=zwwmr%>——&@+gom (5.13)

1 _ _
+ E[Ah(u’g;,u)u’g + Ah(u’g 1;,u)u§ ,

Where Mh - {<¢l7 ¢j>H}l] laAh(u57/’l) = {a[ulg]((pl? ¢j’lu)}l] 1 RNhXNh and gh(ﬂ) = {<g(t 7/’1) ¢I>V' } h €
RN, The initial condition for (5.13)) is given by “5 = {Ku,, ¢,)H};\:(”l € RNi. The strong monotonicity of
the quasilinear form (3:2) guarantees that the equation (5.13) admits a unique root u’ for every parameter
ueD.

The Newton’s iteration for finding a root of (5.13)) reads: starting with u];’(o), forz=0,1,... solve the

linear system

In @ ol = — Gy (us @ ) (5.14)
to obtain 6uk @ and then update the solution ulg’(“l) = ulg’(Z) + 6uk @ The system Jacobian matrix is
given by

Jn(uk; ) = _Mh + A 1 (abs ), (5.15)
where A/ (“5’ u {da[u(s](¢,,¢ I ,u)}l] | € RN>Ni - Here we assume the existence of the Fréchet

derivative A’(u;u) : VX D — V' of the nonlinear operator A(u; u) for every parameter u € D, which
induces the corresponding bilinear form (A’(u; u)v, w)y'v = dalul(v, w; u). We will specify it later for
our examples. We note that A;l(u’g; () is positive definite, since dalu](:, -; i) is coercive due to the strong
monotonicity of A; therefore, the system admits a unique solution.

5.2 The Reduced Basis method

In this section we introduce the reduced basis model and its numerical realization. Then we introduce

our a-posteriori error estimate and discuss its efficient evaluation.

5.2.1 Empirical interpolation of the nonlinearity

We use the Empirical Interpolation Method (EIM) [5]] to ensure the availability of an affine decomposition
for the quasilinear form a[u’g](-, ;) for every parameter u € . We then need to find a parameter-
separable (affine) counterpart vy (-; 1) of the nonlinear non-affine function v(-; ). For EIM nonlinearity
approximation, we treat time as an additional parameter in the problem, thus we set | := {1, ..., K} as

EIM : EIM
train C D of size ntrain’

we construct with the Algorithm |§I the nested sample sets Sy, C DEM and 11 c 1, where S}, :=

train
EIM EIM Vo M M S
uy € O, s ,uM Oyt and 1= {k" € 1,....ky; € 1}, and associated approximation spaces

Wi, = span{v(u; ’”( )i, 1 <m < M} = span{qi, ..., qu}- Algorithm@also provides the nested sets

{x’1” - M}, 1 < M < Mpx. We build an affine approximation VM(u’g(x); )

our discrete time set. Given an EIM tolerance €g;) > 0 and a fine sample D

of interpolation points Ty =
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of V(M](;(X); w) for our time-marching scheme according to

M
V() ) = ) @b (g (x) (5.16)

m=1

M
= > By VEnam(®) = Vb (0; ) + efy (s ),
m=1

where e’;,l(-;,u) is the EIM approximation error: it holds §y;(u) := ||61]f4(-;y)||Loo(g) <egyforallkel,ue
DEIN In (5.16) we also have v := (v(ub(xh!): )} € RM and By € RM*M is the lower triangular

train*®

interpolation matrix (By);; = g;(x;) with (Byy);; = 1 (i = 1, ..., M) by construction.

Algorithm 6: : EIM algorithm

1 Input: Tolerance ey, max. number of iterations Mp,x, parameter set Z)[Er 2 ’l‘;’l .
2 Output: Nested approximation spaces {W%}%:l , nested interpolation points {Tm}f‘nl:l.
1 (uy, k') == argmax [v(ub(): e

RSP
(Uh)eDEM |

train

20 ST = {u)) x k)T

kM
30 r1(x) 1= v(ug" (X5 14,5 o)
4: xll"l = argmax|ri(x)], qp:= rl/rl(xll”)
xeQ
52 Tr:=(x)),  Q1:={q1}, W} :=span(Q))
6: while 2 < m < My, and 67" > egpy do

(U kM) = argmax  [Iv(ub(); 1) = vin (W) ()

(k)eDEM x|
8 = max  (u(); ) = V() @)
(uk)eDEM x|
9 Sy =8Y  Ufun), D=1 Uk
10: rp(x) = v(u];’ﬂ”l(x; )i ) — vm(ulg’ﬂ"l(x;ﬂ}’n);pfn)
11: xﬁf = argmax|r,(x), gm:= rm/rm(xnﬂf)
xeQ

12: Ty :=Tp1 U {x%}a Om = Op-1 U {Qm}e Wr‘;l = Span(Qm)
13: me—m+1
14: end while

We then have the EIM approximation a[-](:, -; u) of the quasilinear form a[-](:, -; u), which admits the

affine decomposition

M
aluf)ul, v = > @b 0an(il, v, an(i,v) = f qm Vil - Vv dx. (5.17)
m=1 Q

For mathematical convenience, we assume that the EIM approximation a[-](-, -; u) is sufficiently accurate
in the sense that the form a[-](:, -; u) is strongly monotone on V; with monotonicity constant m,(u) :=

my(u) + €, > 0, i.e., for all v, wy, € V}, it holds
alvl(vhs vis = wis 1) = @AWl Wiy vie = wiis 1) > it (livi, = wills,, (5.18)

and Lipschitz continuous on V}, with Lipschitz constants L,(,u) = Ly(w) = €, > 0, i.e., for all up, wy, vy, €
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V,, it holds

@l (uaps vis 1) = alwn)was vis 1 < La@)llun, = willylIvally, (5.19)

where €, € R, is small enough and is related to the EIM approximation error. However, in the EIM

practice we can guarantee that conditions (5.18)) and (5.19) hold uniformly together with €, < €gry

EIM EIM
only on Z)train' train’

well-posedness of the upcoming discrete systems (5.23) and (5.24) in general is not possible.

It is difficult to check these properties a-priori for u € D\ D so that arguing the

We also assume the affine decomposition

Q¢
@3,y = D6 (1gg vy (5.20)
q=1

for the right-hand side, where Glg,q : © — R are parameter-dependent functions and parameter-independent
forms g, : V>R k=1,..,K,q=1,..,Q,. If (5.20) is not available, the EIM procedure can be simi-
larly applied.

5.2.2 Reduced basis approximation with the POD-Greedy method

The idea of the reduced-basis approximation consists in replacing the “truth" (high-dimensional) space
Vy, in the definition of X5 and Ys by a low-dimensional subspace Vy < V). With Vy available we

introduce the corresponding reduced trial space
Xaw = {uy € COL V), uylp € P1UTX, Vy), k= 1,..,K}
and the reduced test space
Yurw = {vn € LP(I; V), vyl € PoU*, V), k= 1,.., K} x Vy.

We construct Vy := span{£y, ...,éx} C Vj, by the POD-Greedy procedure in Algorithm [3| compare e.g.
[22]]. We denote by Dy,uin € D a fine sample of size ny4i,. In our setting, the POD-Greedy alogorithm
constructs iteratively nested spaces V,, 1 < n < N using an a-posteriori error estimator A(Y; u) (see the
next section for details on a-posteriori error analysis), which predicts the expected approximation error
for a given parameter u € Dy, in the space Y := Y, ,. We want the expected approximation error to be
less than the prescribed tolerance egp > 0. We initiate the algorithm with the choice of the initial basis
vector &1 := ug / ||u2||v; this choice is motivated by the assumption in Proposition The snapshots
u’g(y) for the procedure are provided by the Crank-Nicolson scheme (5.12)).

The reduced-basis approximation of problem (5.9) reads: find uy := un(u) € Xarn, such that ”?v =

un(0) = PYu, and

Blun(un, v 1) = Eons ) Yoy € Yarns (5.21)
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where

Blu(uy, vy; ) = f Gy V) Yy + aluy 1, Vs dt + (P, vV,
1

Fonin) s = [y vy + i
1

and PZ : Vi — Vy denotes the H-orthogonal projection onto Vy. It follows as for (5.6) from our
assumptions (5.18) and (5.19) that the problem (5.21)) admits a unique solution uy(u) € X,y for all
ueD.

The problem (5.21)) is approximated by the reduced-basis Crank-Nicolson time-marching scheme
with the EIM approximation of the nonlinearity, i.e.

k
2L a1 vV ) + a6k v ) (5.22)

1 A
<MN uN >V ()>H+ )

t
= ATKg(tk;u), vy + (g v v ),

where the initial condition u),, is obtained as an H-projection of ug onto Vy. Given the ansatz ”]1(\1 =

N

0
Uy
izl ulel and defining uN =

{ ufvl}N € RY, the resulting nonlinear algebraic equations are then solved

with the RB counterpart of Newton’s method by finding the root of

1
G m(uy; p) = N — My (uy, —uy ) - —[gN(ﬂ) +gyv (W] (5.23)

+ E[AN,M(u';,;u)u’;, + Ay (i s ol 1,

where My := (€, €p)m)} l,ANM(U’fV;M) = {alup )& €501y € RV and gy () = {855 0, EDvivIL, €
RN. The initial condition is given by u$, := {(u),&)n}Y, € RV. The strong monotonlclty (5-18) of the
quasilinear form (5.17) guarantees that the equation (5.23) admits a unique root u¥, for every parameter

1 € D. We remind that the strong monotonicity property (5.18) is based on the assumption about the
accuracy of EIM.

L . ek (0) _
The Newton’s iteration for finding a root of (5.23)) reads: starting with uy;"™", for z = 0, 1, ... solve the

linear system

k, k k
Iy wuy = G (uy?: ) (5.24)
to obtain 6u§}(Z), and then update the solution ull‘\;(”l) = uf\’,(Z) + (5u];\}(1). The system Jacobian matrix is
given by
1
JNM(UN,,U) _MN + ANM(UN,IJ) (5.25)

If the mapping u — A;\,’ () s bounded in u € D, then for A * < C(D), where C(D) > 0 is some
constant, the Jacobian matrix (5.23) is invertible. We will comment on the computation of the reduced
basis counterpart A}, W) = (daluk )& €5 ,u)}f?’j | € RN of A7 (uk; 1) in (5:23). We have

N M
aluf 1y, €10 = D > Ghan(E, ey, 1<i< N, (5.26)

j=1 m=1
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With the EIM approximation of the nonlinearity it follows that
D Bt (@) = v, O i), 1 <m<M (5.27)

N
=vO) Ul D), 1<m< M.

n=1

Plugging (5.27) into (5.26) results in

N M
aluf\uy, &) = > > DY (uN,mv(Z ey EnCe); pul (5.28)

j=1 m=1
with D¥M(uk ;1) = Ay p(ub; )By)™' € RVM. Taking the derivative of (5:28) with respect to the
components u’fv j(,u), 1 < j < N, we derive the formula for A, M(ulfv; u = AN’M(u’,‘\,; w + EN’M(u’fV; ),

where

(Enp(uly: 0)ij = Z s Z

We will give the exact form of v(u N(xM ); 1) in the upcoming examples. We note that a more com-

V(MN(x )5 1) (5.29)
N,J

plicated formula for (5.29) can be obtained in the presence of geometry parametrisation, see section
4.2.31

The parameter separability of reduced nonlinear stiffness matrix Ay, M(u’;\,; () and reduced load vector
g (1) follows from (5.17) and (5.20), correspondingly

Anm@y?: ) Z¢§(Z)(/1)ANM, gN@—Z gl (5.30)

=1

where tpl,‘,;(Z)(u), 1 < m < M represent EIM coeflicients of z-th Newton iteration and
Ay = VAT VN, gl = Vigl, (5.31)

where A} = {an(9;, ¢i )}l] | € RNWN, gh (&g PdvvD, Ni e RNiand Vy € RVN denotes the projec-
tion matrix, whose columns contain the coefficients {£7};” N | of the RB basis functions &, = Z 1 Eidin1 <
n < N, thatis (Vy);, = €. The formula 3.29) possesses an affine decomposition and allows efficient
assembling in the online phase: indeed, the matrix D (u) is parameter separable, since Ay, M(u’;\,; W is
parameter separable and the evaluation of nonlinearity in (5.29) requires the evaluation of the reduced-
basis functions only on the set of interpolation points 7. Therefore, these quantities can be computed
and stored in the offline phase and can be assembled in the online phase independently of Nj and we

have
Inm(uy: ) = Zeww GNM(uN,m—ZeG(u)GNM, (5.32)
q=

where 9{1(/1) : D — Rand 0?(/1) : D — R are parameter-dependent functions, J;{,’M € RMN and
G;’v u € RN are parameter-independent matrices and vectors. The proposed reduced numerical scheme
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(see also Algorithm [7) contains parameter separable matrices and thus allows offline-online decompo-
sition. The offline phase (model construction) depends on expensive high-dimensional finite element
simulations and thus on N, but should be performed only once. However, the assembling of all the high-
dimensional parameter-dependent quantities is computationally simplified due to the affine dependence
on the parameters (5.30). In the online phase (RB model simulation) the computational complexity scales

polynomially in N and M, independently of AV, and thus is inexpensive. The operation count associated

Algorithm 7: Reduced-basis Crank-Nicolson scheme for nonlinear problem: Offline-Online
decomposition

1 Offline phase:
Input: finite element mesh, projection matrix Vy, interpolation space W},
Output: All parameter-independent quantities, saved in S torage.

1: Assemble A;’: form=1,.. M.
2: Assemble gZ forg=1,..., Q,.
3: Compute A, form =1, ..., M and save to Storage.
4: Compute gj’v forg =1, ..., Qg and save to Storage.
2 Online phase:

Input: Storage, tolerance si\; ?/I > (, interpolation matrix By, interpolation points 7'y, initial

value u?\,, parameter y € D.

Output: Reduced-basis solution Giy y(p).
1: Setk=1

2: while £k < K do

3:  Choose ulf\;(o) = u’l‘v’l.
4:  Compute EIM coefficients goﬁjl(o)(ﬂ) = {9054(0)(/1)},1‘,:[:1.
5. Assemble Jacobian J N,M(u]]‘\;(o); ) and residual Gy, M(ulf\;(o); .
k(0
6:  Compute Sy := [Gur(uy; )l
7. while 5yy > &M do
8: Solve the linear system J N’M(u];\}(Z); u)éu];\’,(Z) = —GN,M(uﬁ}(Z); )
_ kG+D) . k(@) k.(2)
9: Update u,; =uy +ouy
10: Update EIM coefficients goﬁj,(“l)(u) = {t,Df,i(ZJrl)(ll)},A,f:].
11: Update Jacobian J N,M(ul;}(‘z”); ) and residual GN,M(u];}(ZH); ).
k(z+1
122 Compute Sy = [|Gyu(uly ;|
13: z:=z+1
14:  end while
. k . k(@)
150 uk =y

16: end while

with each Newton update of the residual Gy, M(ulf\;(Z)) in the online phase is O(N*M + N> + M*> + NQy,)
and the Jacobian J N,M(uf\}(i/),;u) is assembled at cost O(MN?) with the dominant cost of assembling

Ey, M(u’;\,; 1), and then inverted at cost O(N?).

5.2.3 Reduced basis certification

An important ingredient of the reduced basis methodology is the verification of the error (certification of

the reduced basis method). In the present work we provide a residual-based a-posteriori error estimate.
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We denote by R(:; u) € Y the residual of the problem, defined naturally as:

R(vs; ) := F(vs; ) — Blun(uy, vs; 1) = ﬁ(r(t;u), veyyrvdt Nvs € Y. (5.33)

We have the following

Proposition 5.2.1 (A-posteriori Error Estimate). Let m,(1) > 0 be a monotonicity constant from (5.2))

and assume that ug € Vn. Then the error e(u) = us(u) — uy(w) of the reduced basis approximation is
bounded by

1
lleGlly < . ('u)(llR(-;,U)llyg + oM (llun(ll2v)) = Ay p (10, (5.34)
where
om(p) = Su? Sug Vi (un(x, 1); @) — v(uy(x, 1); (5.35)

denotes the approximation error of the nonlinearity.

Proof. Since in the case e = 0 there is nothing to show, we assume that e # 0. We have ug € Vy and
P}, = 1d, therefore ufy := Pjul = ul. It implies that [le(0)llz = 0, llelly = llell 2y, and IRC; lly; =
1RG5 )l 2 JATA% First we obtain the following estimate by applying Cauchy-Schwartz inequality:

aluy(un, e; ) — aluy](uy, e; u) = fg [vm(un; i) — v(un; )1Vuy - Ve dx (5.36)

< sup vy (un(x, -); ) — v@un(x, ); ol llunllvllelly.
xXEQ

Integrating (5.36) in 7 and applying the Cauchy-Schwartz inequality to the corresponding integral we get:

f iy Yy e: ) — alu 1w e 0dt < Sy llunlliz lelly-
1

We then use the identity

1 1
f (e, eyyrydt = 5||e<T)||%,—5||e<0>||%, (5.37)
1

together with the strong monotonicity condition (5.2)) and the estimate above to derive the bound:

1
ma(llelly, < fl alus|(us, & 1) = aluuy, € pd + Slle(Dl;
1
- fl (.ot fl alits . € ~ al . e ) + 3110V
= fl (e, e)yrydt+ fl alus)(us, e; 1) — alun)(uy, e; pdt + [le(O)|[7;

+ f alunl(un, e; u) — aluyl(uy, e; w)dt
1

< |IRC; wllysllelly + SmGollunllr2 v llellys

where we added and subtracted a[uy](uy, e; ) to get the definition of the residual (5.33). Dividing both
sides by |le||y yields the result. O
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The computation of [|R(-; wl| VA requires the knowledge of its Riesz representer vsg(1t) € Y. Thanks

to the Riesz representation theorem, it can be obtained from the equation

Vs r(W), ve)y = Rvs; )  Vvs € Ys. (5.38)

Since the test space Y consists of piecewise constant polynomials in time, the problem (5.38) can be
solved via the time-marching procedure for k = 1, ..., K as follows:

fk (s r(t; ), viyydt = fk (r(t; ), vipyrvdt - vy € V. (5.39)
I I

We note that P (u) := v(g,R(,u)| ;¢ 1s constant in time, hence the integration on the left-hand side of (5.39)
is exact. For the right-hand side of (5.39) we represent uy(u) € Xa.n as the linear function (3.11) on
I* and use it as an input for the residual (5.33). We then apply the trapezoidal quadrature rule for the
approximate evaluation of the integral. The quadrature rule is chosen such that the quadrature error is of

the size of the error of the truth Crank-Nicolson solution. We thus need to solve the following problems:
VR, vy = R i) Vv € Vi (k= 1,.., K), (5.40)

where vfe(y) is our approximation of ¥ (u) and the right-hand side is given by

1 _ -
RE(vps ) = 5[<g(z" s + (N ), vidvey — aluly 1y, vis ) (5.41)
I 1 _
—aluky ! vis )] - m(ltﬁ‘v —uk v

Therefore the computation of the Riesz representer leads to a sequence of K uncoupled spatial problems

in V},. The parameter separability structure of the residual
Or
R ) = " 0 (Ry(vh)
g=1

is transferred by the linearity of the Riesz isomorphism to the parameter separability of its Riesz repre-
senter vfe(,u) together with the parameter dependent functions wa : D — R. Therefore, for 1 < g < Qg

we have

Or
VR = " Ok (VR g With (VRg, Vv = Ry(vh) vy € Vi, (5.42)

g=1
Finally, we state the formulas for the residual norm as well as the spatio-temporal norm of uy. Since
v(;,R(y)| s« 1s constant in time, the integration on I* is exact and we can compute the spatio-temporal norm

of vs (1) as follows:
K K
Msr(Ily = D at k@I ~ > atOk’ GrOf(w),
k=1 k=1

where Gr = {(vgg, vR,qf)}gg,zl e R2*Cr and ®]1(e(:“) = {Qﬁ‘e’q(,u)}qQ:R1 € R, The isometry of the
Riesz isomorphism implies that ||R(-; u)|| v, = Ilvsr(llyy. Since un(u)|px is a linear function in time,
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the trapezoidal quadrature rule on I* is exact. We then can compute the spatio-temporal norm ||uy||y of

uy € Xy according to

K k
AT
2 k(12 112 2
ey = D =5l + 1) + eI (5.43)
k=1
Ak
= Z — v [u TKNuN + uN K uf‘v N+ uNTMNuN,

=~
l

1

where Ky := {(&,& J'>V}Q[j:1 e RVN_ Since in our case the reduced basis is orthonormal in V, Ky is
the identity matrix. Despite of our quadrature rule exactness, the right-hand side of (5.43) serves as
our approximation of ||uN||§/, since we use the solution of problem (5.22)) in computing the norm of the
reduced-basis problem (5.21)). The operation count in the online phase, associated with computation of

the residual norm and the spatio-temporal norm on Y is correspondingly O(QIZQK ) and O(NK + N?).

We note that our a-posteriori error estimate takes into account the error of the nonlinearity approxi-

mation (5.35)). In our discrete time setting, it is approximated by a computable quantity

Sy (u) = max max vy (uy (x); 1) = Vel (0); ). (5.44)

Since the EIM approximation vys(-; i) is constructed out of truth solutions, we assume that N is chosen in
such a way that VM(uf‘v(x); W~ vy(u 6(x) ). We note that (5.44) requires the knowledge of v(uN(,u) X; )
and thus one full evaluation of the nonlinearity for all K time steps on our finite-element mesh. Therefore
the certification procedure is not fully mesh-independent in the online phase and requires our mesh

storage.

We note that we performed the series of numerical approximations in order to provide a computable
bound for the right-hand side of (5.34). In particular, the residual (5.33)) coincides with the residual (5.41))
for the Crank-Nicolson time-marching scheme (5.12)) after application of the trapezoidal quadrature rule.
However, in order to invoke the definition of the residual (5.33), us must be the solution to our reference
problem (5.9). We also replace d/(1) by its computable surrogate (5.44). This finally gives

INIDERNGVIN (5.45)

where Ay p(u) 1s the computable. However, the bound in general is not rigorous, since we can not
guarantee that A%, | (1) < Ay p(u) holds.

Remark 21. In [I8|] authors follow the approach “First discretize, then estimate and reduce" to treat
nonlinear parabolic problems. They consider the semi-discrete (the Implicit Euler) in time weak form of

the nonlinear parabolic PDE
W () — " (), vig + ataF (), v) + A f gk (u); x; pyvdx = AKF(E), vy, Vv eV, (5.46)
Q

where k € |, a(w,v) = fQVW - Vvdx and initial condition is given by u’ = u,. Here g(w;x;u) :
R X QX D — R is a nonlinear, non-affine function, continuous in its arguments, increasing it its first

argument and satisfies sg(s;x;u) > 0Vs € R,Vx € Q,Yu € D. The error bound for the semi-discrete
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scheme (5.46) is then proposed with respect to the “spatio-temporal” energy norm
k
VIR = K0 + )" a0k Vhar, - kel
k=1

In this approach time is treated as the parameter and it allows to prove the proper error bound for
problem (5.46). However, problem (5.40) has a different structure of the nonlinearity and we think that
the techniques of [|18] are not directly applicable to the class of problems we consider. In our problem
setting we use the approach “First estimate, then discretize and reduce", where the corresponding error
estimate A?\/, (W) is proved with respect to the natural Bochner norm ||-||y and requires relatively mild

assumptions for its computable counterpart Ay p().

5.3 Examples and numerical results

In this section we consider examples of quasilinear parabolic PDEs with strongly monotone differential

operators and apply the proposed reduced-basis techniques to these problems.

5.3.1 1-D magnetoquasistatic problem: analysis

For the first numerical example we choose a 1-D magnetoquasistatic approximation of Maxwell’s equa-
tions (see, e.g. [4} 146]). Letd = 1, Q = (0,1) and V := H(l)(Q) — [*(Q) =: H. The norm on V is
||u||%/ := (', u’);2, which is indeed a norm due to Poincare-Friedrichs inequality. We use the time interval
I = (0,0.2] and the parameter set D := [1,5.5] C R. For a parameter u € D, we want to find u := u(u)

which solves
- (W pu’Y =g onlIxQ,

u(t,x)=0 VY (t,x)elxoQ, (5.47)
u,(x) =0 VxeQ.

We here used g(x, t) := 12 sin(2nx) sin(2n¢) and define v(s; ) = exp (us?) + 1 as the reluctivity function.

We consider the quasilinear form for the weak formulation (5.6)), which here is given by

alul(u, v;p) = f v(|u|; pyu’v'dx. (5.48)
Q
If the function v(-; p)- : Rj — R{ is strongly monotone, i.e. if

(V(s2: )52 = v(s1; ) s1)(s2 = s1) = ma(u)(s2 = s1), V2,51 € R} (5.49)

holds, then (5.48) satisfies the strong monotonicity condition (5.2)). Indeed, we set s; = w’, s, = v and

integrating we get

AIVIv, v = w) — alwl(w, v — w) = f O3V = v V) = )dx
Q
> ma(u) f o = w)2dx = mally - i
Q

It is clear that the reluctivity function v(s;u) in our example satisfies (5.49). Furthermore, the mono-

tonicity constant can be taken as m, = inzf) i%f v(s; i), hence we have m, = 2 for our problem and
MED seR,
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the constant is parameter-independent. We also note that continuity of v(-; i) implies hemicontinuity of
(5.48) for every parameter u € D. Thus the weak formulation (5.6) of the PDE (5.47) admits a unique
solution.

We specify the bilinear form (A’(u; u)v, w)yv = dalu](v,w;u) induced by the Fréchet derivative
A'(u; 1) 1 VX D — V’ of the nonlinear operator A(u; u). It is then used to compute the Jacobian matrix

(5.15)) for Newton method. In the present example we have

dalu]l(v,w;u) = fg Qu v (']’ + v(lu'|; ) v'w' dx.

The derivative for the reduced-basis scheme in the formula (5.29), thanks to the chain rule, is given by

a ’ 7 ’ / 4
vy Cep)ls 1) = 29" (i Cep s gy Cep DE ),
N.,j

where all the indices are according to (3:29). In our numerical experiments we drop the term Ey, y(uk;; 11)
in A}v M(u’;\,;u). This then corresponds to an inexact Newton-like method, which we use in our numerical

experiments and which performed well.

5.3.2 1-D magnetoquasistatic problem: numerical results

The truth approximation is performed by the Petrov-Galerkin scheme, which is introduced in section[5.1}
where V}, is the finite element space, composed of piecewise linear and continuous functions, defined on
the partition of Q into 100 equal subintervals and A}, = 98 nodes (excluding Dirichlet boundary nodes).
For the time discretization we divide the interval I into K = 200 subintervals of length A = 1073. We
solve the problem with the Crank-Nicolson scheme (5.12)), while applying Newton’s method, described
in section [5.1.2] on each time step for the numerical computation of the time snapshots. We iterate the
Newton’s method unless the norm of the residual (5.13) is less than the tolerance level, which we set to
1078,

We generate the RB-EIM model as follows: we start from DE/M

train

C D (a uniform grid of size 200)
and compute truth solutions for each parameter in Z)gfl % to approximate the nonlinearity v with its EIM
counterpart vy;. We set M, = 8 as the maximal dimension of the EIM approximation space. Next
we run the POD-Greedy procedure with M = M« and obtain Ny = 5 for egp = 1073, where Dyyain
is a uniform grid over D of size 400. For the POD-Greedy procedure and method certification we use
the computable bound A,y (5.45) for our error estimate A . (5.34). We solve the problem with the
reduced Crank-Nicolson scheme (5.22), while applying RB Newton’s method, described in section[5.2.2]
on each time step for the numerical computation of the time snapshots. We iterate the Newton’s method
unless the norm of the residual (5.23) is less than the tolerance level, which we set to 1078,

Next we introduce a test sample Dy, C D of size 200 (uniformly random sample from D) and the

maximum of the estimator max Ay := max Ay (1). We also introduce the following approximation

HEDrest
of the “truth norm" error
K A 1/2
i) = | ) =) = iy oIy + ™ o) =l Gl | (5.50)

k=1

= max &\, (), where we use the Crank-Nicolson
HedD, ’

test

and its maximum over the test sample max 85\’,”15[
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—M =2

max Ay oy

s ~THE
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Number of RB functions N Number of RB functions N

(a) (b)

Figure 5.1: (a): Convergence with N of max s’”‘e for different values of M on the test set, 1-D example.
(b): Convergence with N of max Ay, for dlfferent values of M on the test set, 1-D example.

solutions uf(u) and uk (1) to compute (3:30). Hence ei'yy() is only an estimate for [le(w)lly in (5.34),
where the solution us(u) of (5.9) and uy(u) of (5.21)) enters. Once the reduced-basis model is constructed
(Nmax = 7, Mmax = 8), we verify the convergence with N of max Ay and max 8;\’;”;4 on a test sample
Dress and plot in Fig@ the N-M convergence curves for different values of M. We can see that the
estimator in Figb) reaches the desired tolerance level egg = 107 for (Nmax, Mmax) = (5, 8).

Next we investigate the influence of the EIM approximation error in the estimation process. We
can split the bound (5.43) into two parts: the reduced-basis and the nonlinearity approximation error

estimation contributions

M(ﬂ)

AN () = —IIR( Wlly; and Ayl () ~ IIMN(,u)IIy (5.51)

We compute these contributions as described in section[5.1.2]and note that they serve only as computable

surrogates for the respective contributions in our error estimate (5.34). We then set

Af,BM = max ANM (W), ANM = max AL M (). (5.52)
’ HEDest HEDrest

In Flg.a) we plot aRB and afl for 1 < N < 5and M = 4, M = 8: we can see that M has nearly

no influence on AR N e but we observe the “plateau” in A% N > Which limits the convergence of the bound

(5.43) with increasing N. The separation points, or “knees", of the N-M-convergence curves then reflect

a (close-to) balanced contribution of both error terms.

In Table [5.1| we present, as a function of N and M, the values of max Ay, AR, A4, €X' and
mean effectivities 7y, : |@t 1 2Dy INM (), Where iy v (i) = An 1)/ llus () — un(plly. We note
that the tabulated (N, M) values correspond roughly to the “knees" of the N-M-convergence curves. We
can see that the effectivities are lower bounded by 1 and are of moderate size, thus the bound (3.43) is
reliable and there is no significant overestimation of our approximation of the “truth norm" error (5.50).

We then plot (see Fig. b)) the reluctivity function v(|u;\',‘ |; 1) and its EI approximation vM(Iu;\’fl; )
for the parameter u = 5.5 at t = 0.2; we can see that there is no visible difference between the origi-
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Figure 5.2: (a): The dependence of Aﬁng and Aﬁf » contributions with N for fixed values of M. (b): The

reluctivity function 1/(|u;\’,C |; ) and its El-approximation (M = 8) vM(Iu;\lfl; ) for the parameter u = 5.5
attr = 0.2 (b).

RB El true =
max Ay, pm AN,M AN,M mast,M NN.M

6.10E-03 5.60E-03 7.60E-04 1.60E-03 4.00
5.62E-04 505E-04 1.12E-04 132E-04 5.82
6.25E-06 447E-06 1.81E-06 1.79E-06 4.58

W W N 2
o JlF N ) E

Table 5.1: Performance of the 1D RB-EIM magnetoquasistatic approximation of Maxwell’s equations
on the test set

nal function and its EIM counterpart. Although the problem at hand is merely chosen to illustrate the
methodology, we report on the average CPU time for comparison. The finite element method takes
~ 0.47 sec to obtain the solution, and the RB method (Nmax, Mmax), Which takes =~ 0.08/0.10 sec without
and with the a-posteriori certification and results in the speed-up factor of 5.87/4.7(ﬂ We note that our
implementation in the offline phase needs a large number of high-fidelity finite element solutions for
the EIM approximation and the Riesz representers in (5.42). This implies large offline computational
costs. However, these computations can be done in parallel to significantly reduce the time needed for

the offline phase.

5.3.3 2-D magnetoquasistatic problem: analysis

As second example we consider a 2-D magnetoquasistatic problem for modelling of eddy currents in a
steel pip Let Q = Q; |JQ, be a circular cross-section of the steel pipe with radius r,, where Q; is
the conducting domain (iron) and €2 is the non-conducting domain of radius ;. The wire is represented
by the part with the radius ry and the complementary part is the air gap (see Fig/5.3(a)). We assume
that the magnetic reluctivity function and the electric conductivity function have different structure on

! All the computations are performed in MATLAB on Intel Xeon(R) CPU E5-1650 v3, 3.5 GHz x 12 cores, 64 GB RAM
http://www.femm.info/wiki/TubeExample
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conducting and non-conducting domains, respectively, i.e.

o1 >0, for x € Qq,

€>0, forx e Q,,

v1(s), for x € Q,
v(x,s) =
V2, for x € Qz

and o(x) = {

where v,, 01 > 0 denote constants. We assume that the reluctivity function satisfies
0<vip <v(x,s) <vyg, Yxe€Q, seR], (5.53)

where vi g and vyp are accessible constants. We note that the air-gap and the coils in the steel pipe are
electrically non-conductive, i.e. o(x) = 0 for x € Q,. However, we introduce a regularization parameter
e = 1078 as a value of o for the non-conducting domain. This allows us to consider a pure parabolic
problem instead of a parabolic-elliptic system with differential-algebraic structure (see, e.g. [35]). We
set u := o and define the parameter set D = [5 - 10, 107] and the time interval I = (0,0.02]. We thus

have a parametrized quasilinear parabolic equation

o(x; Wi —V - (v(x, |Vu|)Vu) = g onlxQ,
u(t,x) =0 Y (t,x) € I X0Q, (5.54)
u,(x) =0 Y xeQ.

The right-hand side is the electric-flux density

L@ “for x € Q
glx,1) =1
0, for x € Q»,

where [,(¢) = 100 - sin(1007n7) is the electric current. We consider the quasilinear form for the weak

formulation (5.6), which here is given by

a[u](u,v;,u):fv(x, |Vul; ))Vu - Vv dx. (5.55)
Q

The nonlinear reluctivity function (see Fig[5.3(b)) in our case is reconstructed from B — H curves, see
section [2.1.2] The form (5.55)) then is strongly monotone with the monotonicity constant vz and Lip-
schitz continuous with the Lipschitz constant 3vyp (see [24] for the corresponding proofs). Hence the
weak formulation (5.6) of the PDE (5.54) admits a unique solution.

We specify the bilinear form (A’(u; u)v, w)yv = dalu](v,w;u) induced by the Fréchet derivative
A'(uy i) : VX D — V' of the nonlinear operator A(u; u). It is then used to compute the Jacobian matrix
(5.15)) for Newton method. With

Vu
nlu] = Wul” for Vu # 0,
0, for Vu =0,

we have
dalul(v,w; ) = f V' (x, |Vul; ) (m[u] - Vw)(Vu - Vv) + v(x, |Vul; u)Vv - Vw dx,
Q

and the derivative for the reduced-basis scheme in the formula (5.29), thanks to the chain rule, is given
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Figure 5.3: (a): Geometry of the computational domain: the wire (dark grey), the air gap (white), the

iron (bright grey). (b): An example of magnetic reluctivity function v(|B|) of ferromagnetic material
used in our simulations.

by

0
v IV, CepD )z 1) == v/ (s [V (ep) s synluy 106 ) - V&),
N’j

where all the indices are according to (5.29).
In this example, the monotonicity constant m,(u) is not available analytically. As it was mentioned
earlier in the discussion on |B|-|H| curves, we can choose vz > 0 as our monotonicity constant. However,

since for each parameter M E D there holds
m,(u) .= min min v Vuk X)) > VLB 556
) kelK xEIQ 1(| N( )l’ ) ’ ( )

and the computation of (5.56) only requires one full evaluation of the nonlinearity, which already has

been performed to evaluate (5.44)), we here use m,(u) as our constant for the estimation.

5.3.4 2-D magnetoquasistatic problem: numerical results

The truth approximation is performed by the Petrov-Galerkin scheme, which is introduced in section[5.1]
where Vj, is the finite element space, composed of piecewise linear and continuous functions, defined on
a triangle mesh containing 4374 triangles and NV, = 2107 nodes (excluding Dirichlet boundary nodes).
For the time discretization we divide the interval I into K = 200 subintervals of length At = 10™*. The
nonlinear reluctivity function v is reconstructed from the real B — H measurements using monotonicity-
preserving cubic spline interpolation and v, value is chosen as the reluctivity of air. We then solve the
problem with the Crank-Nicolson scheme (5.12)), while applying Newton’s method, described in section
[5.1.2] on each time step for the numerical computation of the time snapshots. We iterate the Newton’s

method unless the norm of the residual (5.13) is less than the tolerance level, which we set to 1073.

EIM
z)tmin

We generate the RB-EIM model as follows: we start from

EIM
Dtrain

C D (a uniform grid of size 200)

and compute truth solutions for each parameter in to approximate the nonlinearity v; with the EIM
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Figure 5.4: (a): Convergence with N of max sj(,“f,l for different values of M on the test set, 2-D example.
(b): Convergence with N of max Ay for different values of M on the test set, 2-D example.

counterpart v’l"’ . We set My.x = 44 as the maximal dimension of the EIM approximation space. Next we
run the POD-Greedy procedure with M = M, and obtain Np,x = 14 for egp = 1074, where Dyy4in is
a uniform grid over D of size 400. For the POD-Greedy procedure and method certification we use the
computable bound A,y (5.45) for our error estimate A, ,, (5.34). The monotonicity constant is evaluated
as in (5.56). We solve the problem with the reduced Crank-Nicolson scheme (5.22)), while applying RB
Newton’s method, described in section [5.2.2] on each time step for the numerical computation of the
time snapshots. We iterate the Newton’s method unless the norm of the residual (5.23) is less than the
tolerance level, which we set to 1075.

Then we verify the convergence with N of max sﬁ\’,”;[ (Fig. a)) and max Ay, y (Fig. b)) on a
test sample Dy (a uniformly random sample of size 200) for different values of M. We can see that
the estimator in Figb) reaches the desired tolerance level egg = 107 for (Nmax, Mmax) = (14, 44).
We note that the convergence is not monotone at some points due to the EIM interpolation of the non-
polynomial nonlinearity behind the problem. We can also see from Fig[5.4[a) that increasing M above
20 has nearly no impact on the convergence of the approximation of the “truth norm" error (5.50), but the
bound (5.43) in Fig[5.4(b) still shows a considerable decrease with increasing M. Indeed, in Fig[5.5(a)
we plot ARP and A%/ as defined in (5.52) for 1 < N < 14 and M = 20, M = 44: we can see that M has

N.M
nearly no influence on ARB but we can observe the “plateau” in Af,’ > Which limits the convergence of

N.M>
the bound (5.45) with increasing N. We also plot the values of Ay (1) and &}y (1) and the error (5.50)
for (NVmax, Mmax) for every parameter y € Dy, in Fig@b).

In Table we present, as a function of N and M, the values of max Ay, 7, Aﬁng, Aﬁ’l 4> Max g and
the mean effectivities 7jy 5. We note that the tabulated (N, M) values correspond roughly to the “knees"
of the N-M-convergence curves (see example 1 for the terminology and definitions). We can see that the
effectivities are lower bounded by 1, but the values are relatively large. Based on our estimate (4.39) for
the nonlinear magnetostatics problem, we conject that this is related to the structure of the nonlinearity
and the effectivities are proportional to C - vyg/vyp, where C is some constant.

In Fig we show the truth finite element magnetic flux density |Vu§(x, ()| and the corresponding
reduced magnetic flux density IVu’;V(x, w)| for 1 = 107 and ¢ = 0.01 and # = 0.02. We observe that flux
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Figure 5.5: (a): The dependence of A M and A M contributions with N for fixed values of M. (b):
Values of s’”‘e and max Ay for (Nmax, Minax) = (14 44) on the test set.

1.2 -
1
1
0.9
0.8 g
08 ;
0.4 X
0.2 :
(@) (b)
1.2 -
08 )
0.8 2
0.4 )
0.2 :
() d

Figure 5.6: The truth magnetic flux density IVu’gI for = 107 at (a) ¢ = 0.01, (b) ¢ = 0.02. The reduced-
basis magnetic flux density [Vu} | for 4 = 107 at (¢) r = 0.01, (d) r = 0.02.
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5.3. EXAMPLES AND NUMERICAL RESULTS

77

N M maxAyuy

RB
A‘N,M

frue

AﬁfM max &y, nN.M
6 16 1.60E-03 6.68 E-04 1.40E-03 2.15E-05 98.06
9 20 434E-04 194E-04 3.67E-04 5.40E-06 89.84
11 36 176E-04 138E-04 1.04E-04 4.68 E-06 64.28
14 44 697E-05 4.63E-05 5.81E-05 193E-06 48.27

Table 5.2: Performance of 2-D RB-EIM model on the test set

densities look very similar. Next we compare the average CPU time required for both the finite element
method, which takes ~ 70 sec to obtain the solution, and the RB method with (Npax, Mmax) = (14,44),

which takes ~ 1.80/2.42 without and with the a-posteriori certification and results in the speed-up factors

(rounded) of 39 and 29, respectively. The offline phase requires the knowledge of the truth finite-element

solutions for the EIM approximation step. Since 200 truth solutions were generated in the consecutive
order, it takes =~ 4 hours. The generation of these truth solutions could be performed in parallel, which
would reduce the offline time. The POD-Greedy sampling takes ~ 40 minutes for our implementation.
We note that our implementation in the offline phase needs a large number of high-fidelity finite element
solutions for the EIM approximation and the Riesz representers in (5.42). This implies large offline

computational costs. However, these computations can be done in parallel to significantly reduce the

time needed for the offline phase.
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Chapter 6

Conclusion

In this thesis the reduced basis methods for quasilinear elliptic and parabolic PDEs with strongly mono-
tone differential operator have been addressed and applied to the parametrized nonlinear magnetostatic
and magnetoquasistatic approximations of Maxwell’s equations.

The reduced basis method for quasilinear elliptic PDEs is applied to the magnetostatic problem in
the context of the permanent magnet synchronous motor. The parameter dependence enters through the
geometric parametrisation of the permanent magnet in the rotor part of the machine. The complex indus-
trial setting with the geometric parametrisation, multi-physics and strong non-polynomial nonlinearity
makes our reduction problem for magnetostatic equation challenging. We present the a-posteriori error
bound, which appeals to the monotonicity of the differential operator and use the EIM to guarantee the
offline-online decomposition of the problem. The Greedy algorithm is used to produce the reduced basis
space of small dimension and the reduced basis approximation is introduced as the Galerkin projection
on the reduced basis space. Then we present the reduced counterpart of Newton’s method to efficiently
solve the nonlinear equation for the reduced basis coeflicients in the online phase. Our numerical results
confirm a significant speed-up factor, compared to our finite element method, which supports the validity
of the approach.

We also introduce the space-time reduced basis method for quasilinear parabolic PDEs. We think
that our space-time formulation combined with the chosen Petrov-Galerkin discretization provides an
elegant approach to treat these kind of problems. We present the new a-posteriori error estimate, which
appeals to the strong monotonicity of the spatial differential operator, and further discretize it to obtain
the computable bound. We note that our reduced basis approximation is based on the time-marching
approximation of the Petrov-Galerkin problem and the reduced basis space is obtained by the POD-
Greedy procedure. We also used the EIM to obtain the affine decomposition of the problem and to
guarantee the Offline-Online decomposition. The developed methodology is applied to the 1-D and the
2-D magnetoquasistatic approximations of Maxwell’s equations and the numerical results confirm a good
speed-up factor, which supports the validity of this approach.

We believe that the reduced basis methods developed in this thesis can be extended to treat more com-
plicated industrial problems. It will further have a significant impact on the PASIROM projecl[l, where

the surrogate reduced-basis models are planned to be used in the optimization of electrical machines.

Thttp://www.pasirom.de/
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